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Preface 


‘This book is a sequel to 106 Geometry Proslems from the AwesomeMath 
Summer Program. Wt contains 107 geometry questions used in the Awe- 
someMath Year-Round Program which trains and tests top middle and high- 
school students from the US. and around the wold 


"The book begins with a theoretical chapter, where we review basie facts 
‘and familiarize the reader with some more advanced techniques. We then 
proceed to the main part of the work, the problem sections. The problems 
are n carefully selected and Dalanced mix which offers vst variety of favors 
and dient, ranging from AMC and AIME levels to high-end IMO prob- 
Jems. Out of thousands of Olympiad problems from around the globe we chose 
‘how which best illustrate the featured techakqes and their applications. The 
“problems meet our demanding taste and fully exhibit the enchanting beauty 
of classical geometry. For every problem we provide a detailed solution and 
Strive to pas on the intuition and motivation ting behind. Numerous prob- 
Jems have multiple solutions. 


Divetly experiencing Olympiad grometry both as contestant and instruc- 
tors, we are convinced that a ment diagram is emential to efficiently solving 
‘geometry problem. Our diagrams do not contain anything superfluous, yet 
emphasise the key elements and benefit from a good choice of orientation- 
Many of the proofs should be legible only frum looking at the diagrams. 


In the theoretical part we discs some advanced theorems from triangle 
— and develop the theory of transformations, such as homothety, spiral 
similarity, and inversion. Employing the latter, we demonstrate the effective- 
ness of dynamic geometrie thinking. 


True geometric mastery lies in proficient we of common sense methods. 
“Therefore, we chose to avoid analytical and computational techniques such as 
‘complex numbers, vectors, or barycentric cvondinates. 
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| Abbreviations and Notation 








| Notation of geometrical elements 
| pac ‘convex angle by vertex A 
29), directed angle between lins p and q 
BAC CBAC angles BAC and IAC" coincide 
an Tie though points A and B, distance between 
points A and B 
m directed segment from paimt A to point 3 
xean X ties on the line AB 
X=ACHBD X is the imeretion of the ines AC and BD 
SABC — ABC 
ape} aren of SABC 
— fren of polygon * 
An jeD lines AB and CD ace parallel 
AB LCD lines AB and CD are perpendicular 
| WX) power of point X with respect to circle w 
— ADEF triangles ABC and DEF are congruent (in U 
order of vertices) 
AABC~ ADEF —wianghs ABC and DEF are similar (in this 
order of vertices) 
UI.) Seth oh cme f and buor 


SAY) 





imilaity with center S, dilation 
fetoe k, amd angle of raain P 





Chapter 1 


Advanced Topics in Geometry 


Overview of Basic Techniques 


Let us begin with reviewing some basie facts and techniques. Knowing them 
is not esential for further reading so don't get discouraged if you have gaps 
mow and then. On the other hand, in order to kearn the most from this book, 
we strongly recommend to get a an grasp of what is presentes in this section 

proofs (and much more) can be found in the preceding book 106 Geometry 





First Triangle Centers 


Proposition 1. tene af the crcumncenter) In triangle ABC the per- 
pendicularbisecors of AB, BC, and CA meet at a single point. This point 
is call the circumcenter of triangle ABC, is sseally denoted by O, and 

the center of the cicumserited corel (or simply eireunciee) 














Proposition 1.2 (Existence of the inenter). In triangle ABC the internal 
angle bisectors mert at a point. This point i called the incenter of triangle 
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As 


We me the following standard xy: notation in triangle ABC with 
semiperimeter s 


Mia 96 





= Hero, z 





the purpose of which is revealed in the nest two propositions. 


Proposition 1.7 (Points of contact). Let ABC be a triangle with semiperime- 
ter s. Denote by D, E, F the points of tangency of the incircle with the sides 
BC, CA, AB, respectively. Also let the Aceeicle touch the lines BC, CA, 
AB at points K, Ly M, respectively. Then the following hold 


(0) AB=AP=2, BD=BF=y. CD=CE=:. 
(0) AL = AM =, 
(6) Points K and D are symmetric with respect to the midpoint of BC. 





Proposition 1.8 (zyz formas). In triangle ABC we cun find the area K, 
fnradins r, and circumradies R in terms of £, p, = as follows: 





w 
K= Vari om, 


— 


pu Wt Etat”) 
— 
‘Theorem 1.9 (The Extended Law of Sines). Let ABC be a triangle. Then 


0) 


© 


Ey, ie 
na nð na 
Where R is the cineumradins of triangle ABC. 
‘Theorem 1.10 (Angle Bisector Theorem). In triangle ABC lt AD, D € BC, 
be the internal angle bisector. Then 

Epi B=, con. 
‘Theorem 1:44 (The Law of Cons). Let ABC he a triangle. Then 


PAP +2 — teen ZA, 





Circles, Tangents 
‘Theorem 1.12 (Inscribed Angle Theorem). Let BC be a chond of a circle 
i centered at O and let A € a. A 4 B.C. Then the inscribed angle BAC 


coreg are BC ea one hl of he era ongle copending to 








Quadritterals which are inscribed im a circle are called cyclic and play 
fundamental role in the technique called engle-chasing 
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Proposition 1.18 (The key properties of cyclic quadrilsterals}. Let ABCD 

be a conver quadrilateral. Then: 

(a) HABCD is cyclic then any of its sides is visible from the other two vertices 
— the same angle, and any of its diagonals is visible from the other 
two vertices under angles that sum wp to 80". 

(8) If there is a side of ABCD that is vise from the other two vertices under 
the same angle, then ABCD is eyci. 

(€) H there is a diagonal of ABCD that is visible from the ether two vertices 
under angles that sum wp to 180, then ABCD is cyclic 


Corollary 1.14 (Angle between chords or secant). Let ABCD be a quadri- 
lateral inscribed in a circle v ond denote by P the intersection of its diagonals 
Suppose that rays BA and CD intersect at R. Finally, denote the inert 
angles corresponding to ares BC, DA (not containing A, B) by 8.8. Then 
(a) £BPC = 3 +5, 
0) BRC = 3-6. 








Proposition 1.15 (Angle by tangent). Let ABC be a triangle inscribe in 
‘a circle ws. Let £ be a lime passing rough A diferent from AB. Let L be a 








point on € such that AB separates points C, L. Then AL is tangent to w if 
and only if ZLAB = ZACB. 





Antiparallel lines 
Given aine n we say that lines £ and m (neither parallel to n) ate antiparallel 
with respect to lime n if tbe rection € of £ about n is parallel to m. Observe 
thst the following hold 


(0) M antiparallel to m then it is antiparallel to all linos parallel to m. 

(b) (Symmetry) I is antiparallel to om then m is antiparallel to 4. 

(e) Given a tine m and a set of mutually parallel Times, thon lines antiparallel 
to all of these with respect to n form again a set of mutually parallel lines. 





Proposition 1.16. Let line m intersect aps OA, OB of angle AOB at dis- 
tinct points X, Y , respectively. Let line £ (£ # m) intersect lines OA, OB of 
angle AOB at (not necessarily distinct) points P, Q, respectively. Then £ and 
mm are antiparallel with respect to the angle bisector of angle AOB if and only 
if one of the following (based on the configuration) holds: 

(a) Points X, Y, P, Q are coneyclie (if they are pairwise distinct). 


(0) Line OA is tangent to the cireumeirele of triangle XYQ (Y X = P). A 
similar result holds f Y = Q. 














e) Line € is tangent to the eicumcircle of triangle XYO (if passes through 
oO). 


Since antiparallel limes are usually taken with respect to the angle Bisetor 
‘of some angle, let us in that case call these lines antiparallel with respect to 
that angle or simply antiparallel in that angle OF particular interest are 
antiparallel lines that both pass through tbe vertex of an angle -such lines 
are called isogonal. One pair of igoal imes is especially worth emphasizing 


Proposition 1.17 (If and O are friends). I triangle ABC points H (the 
orthocenter) and O (the eicumernter) lie on isogonal lines in each of the 
angles £A, 2B, ZC. 


Directed angles mod! 180° 
‘The magnitude of an ange between lines J, m intersecting at vertex O can be 
viewed as a number from interval fÐ, 190) dering (in degres) the amount 
fc kre ttn around wih tabes 10 me, Let cl 0 

the directed measure of an angle and denote it by (1. m). Note 
{ht one of en fac Cid) 4 cleat) 1, 
‘This notion wil be our main weapon for simplifying angle Chasing casework 
throughout the book. 


— — — instand 
6207 we sl wk wh 3 











Proposition 1.18. (a) Zl) + (m;n) = Zin), with edition mod 180 

() For any point P (PA, AB) = Z(PA, AC) if and only if points A, B, C 
lie on a single ine în some onde. 

(©) AAC.CB) = ZAD, DB) if and oniy if points A, B, C, D tie on one 
inele în some onder. 





Power of a Point 


Proposition 1.19. (a) Let ABCD be a conver quadrilatero! and let P = 
ACA BD. Then the points A, B, C, D are concycic if and only if 


PC: PA=PB-PD, 


(b) Let ABCD be a conver quadrilateral and ket P= ABOCD, Then the 

points A, B, C, D are eoneyctie if and only if 
PA-PB= PC-PD. 

(0) Assume points P, B, C are collinear in this onder and point A does not lie 
‘om this line. Then the line PA is tangent tothe cireumcirele of triangle 
ABC if and only if 

Pa = PB- PC. 


AAS 


‘Theorem 1.20 (Power of a Point). Given point P and cirele w, let £ be an 
arbitrary line passing through P and intersecting at points A and B. Then 
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the value of PA- PB does not depend on the choice of €. Also, if P lies outside 
ofis and PT, T € w, is a tangent tows then PA- PB = PT! 

H we denote the center of w by O and its radius by R then PA- PB = 
JOP? T RL. The quantity 


KPa) 0E 
is called the power of point P with respect to cite. 

Note that the number (Ps) negative when P lies inside s, zero when 
it lies on ws, and positive otherwise. 


Proposition 1.21 (Radical axis). Let w, s be hao circles with distinct cen- 
ters Oy, Os and radii Ry, Ra, respectively. Then the locus of points X for 
which PÁX, u) = LX a2) is a line perpendicular to 0,0. This Lime is called 
‘the radical aris of the two circles. 


CORC 


‘The radien nxis is a powerful tool in many problems involving intersecting 
icles since in that case the radical axis isthe line joining their intersections, 
Which both have equal (namely zero) power with respect to the two circles. 


Proposition 1.22 (Radical center). Let... be circles with pairioise dis- 
tinct centers. Then their pairwise radical azes are either parallel or concurrent. 
The point of concurrence sealed the radial enter of the thre circles, 

















Proposition 1.23 (Radial Lemma). Let line £ be radical azis of the circles 
isn, sp. Let A, D Be distinct points om i and let B, C be distinct points on 
ion such that the lines AD and BC are not parallel Then the lines AD and 
BC intersect at £ if and only if ABCD is olse. 


‘Theorem 1.24 (Menelaus? Theorem). Let ABC be a triangle and let points 
D, E, F lie on the lines BC, CA, AB, respectively, so that either none or 
tao of them lie on the triangle sides. Then the points D, E, F are collinear 
and only f 
BD CE AP 
DC EA FB 








Segments which ect vertex of a triangle with a point on the opposite 
nide ar elle cevians 


‘Theorem 1.25 (Cevi? Theorem). Let ABC te a triangle, and lt P, Q, R 
e points on the sides BC, CA, AB, respectively, Then the lines AP, BQ, 
CR are concurrent if and only if 


BP cQ an 


PC QA RB 


‘Theorem 1.26 (Existence of isogonal conjugate). Let cevians AP, BQ, CR 
concur at point X. Now constractcevians AF, BOY, CE which are isogonal 
to AP, BQ. CR, respecticly, in the spective angles. Then the cevions AP”, 
BQ, CR are concurrent. The point of concurrence is calle the isogonal 
conjugate of X. 


— —— — 
Ghat —— 











— 
| Age gent mig At nt fe ey 


| ‘The important property of directed segments is that the ratio or the prod- 
uct of two directed segments, which are part of the same line, is assigned a 
sign. The sign is positive if the directed segments have tbe same orientation 
and negative otherwise. By the samme lage we have 


AB = A. 





| 








Homothety 


t is our everyday experince that if we oom onto oertain point, objects don't 
change shape, only size. In t 
the idea of sealing and reveal its farther properties. 

Given a point Hand a number k different from O and 1, homothety (or 
dilation) with center H and factor k is the transformation of the plane which 
Sends point A to a point A” such that: 

(a) Points A, A and A’ are collinear. 
(0) HR = WA 
We denote such homothety by H(A. A). 

Part (b) can be equivalently stated without wing directed segments if one 
‘ads that for k > O the rays HA and HA coincide and for k = O they are 
mutually opposi 

‘Observe that choice k = —1 corresponds to point reflection. 











Proposition 1.27. Let HUH, k) be « homothety and denote the images of 
distinct non-collinear points A, B, C by A, BE, C", respectively, Then: 
(4) Line A is parallel to AB. Morover, 'B' = k- AB. 


(0) Homothety preserves angles and ration. In other works, ZA'B'C = 
ZABC and 





Proof. (a) M the points H, A, B are collinear, the proposition is valid trivially. 
Otherwise, note that as HA’ = R- HA, HB = k. HB, and ATH = 
ŻAHB, by SAS we have AHB ~ AAH B with factor kso AB | A'D 
and NI = k- AB. 


(b) Since 4'B | AB and BC" BC, we have ZA'B'C' = ZABC. Abo 
AB be AB_ AI 
FC “EBCT BC 

which proves the seeond part. 




















1. Advancnd Topies in Geometry 13 








Since we have proved that homothety preserves angles, ratios and direc- 
tions, we may now state (leaving details for the reader) that the image of a 
figure in similar figure of the same orientation In particular: 


(0) The image of a line is a paral line. 

(b) The image of a triangle is a similar triangle with corresponding sides par- 
ale 

(E) The image of a ctee is a circle, 


Proposition 1.28. (0) Given two parallel segments AB and AH of different 
length, there exists unique homothety that maps A to A’ ond B to B. 

(0) Lat ABC and ABC" be two non-congruent triangles with parallel cor- 
responding siden. Then there exists unique homothety that maps triangle 
ABC to triangle NBC. As a result, lines AM, BIP, CC" are concurrent. 

‘Proof, (a) First note that the center of such homothety has to ie on the lines 
AA and BIY and demote thee itersection by H. Now triangles HAD 
and HAR are similar (AA), so HLA'/HA = HB'/HB ond bomotbety 
HCH, HAHA) does the job (the case when all the points are collinear 
left to the render as boring algebra exercise). 

(b) Denote by H the center of homothety that maps AB to A'A”. 





Such homothety sends triangle ABC to some triangle A'B'X. Since both 
triangles A'B°X and ABC ate similar to triangle ABC and have the 
same orientation, they are in fact identical, and hence H, C and C” are 
olinear, ii 








Keeping these properties of bomothety in mind we are now ready to solve 
some examples. 


Example 1.1 (Tournament of Towns 1984). Let P be a point inside a given 
square ABCD. Prove that the centroids of triangles ABP. BCP, CDP. DAP 
form a square 


Mos Mc 


Proof. Denote the centroids by Gy, Ga, Gs, Ga, respectively, and the mid- 
points af the respective sides of ABCD by Aan: Mpc, Mep, Moa. Since 
the centroid divides the median ofa triangle in ratio 2 : 1, a homothety (P, 4) 
Sub andra! Man — 
ManMocMepMoa i a square, GyG:GsG i abo a square. 


Example 1.2. Let ABCD be a trapezoid with AB CD and denote by E 
he intersection of its diagonals. Construct equilateral triangles ABF, CDG 
‘externally. Prove that points E, F, G are colimenr. 
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‘Prof. As triangles ABF and CDG ace similar and have parallel correspond- 
ing sides, there exists a homothety 7% that maps triangle ABF to triangle 
CDG. Tins by Proposition 1.28(b) the lines AC, BD and FG are concurrent 
at the center of this homothety implying that Æ lies on the line FG. C 


‘The following example reveals an important fact from triangle geometry. 


Example 1.3 (Euler! line). Let ABC be a non-cquilateral triangle and lt H, 
G, O be its orthocenter, centroid, and cireumernter, respectively. Then the 
points H, G, O le on a single line (called the Euler line of triangle ABC) in 
this onder, and HG = 2-GO.- 


Pa 





Proof. Denote by An, Me the midpoints of sides BC, AB, respectively, and 
consider homathety HLG, -2). 

Since the centroid divides the median in ratio 2: 1, the image of Mg under 
H is A. Also as every homothety maps a line to a parallel line, sends the 
perpendicular bisector Oy to the A-alitude of triangle ABC. 

By exactly the same argument we find out that 1 sends line OAM, to the 
C-altitude. Therefore it sends the intersection of lines OA, and OM, (which 








14 O) to the imerseetion of A-altitude and C-atitade (which is H). Hence 
Points O, G, H are collinear amd satisfy 

CH = -2-00, 
as desired. o 


Homothety is alo a powerful instrument when dealing with circles. Espe- 
cially if they are mutually tangent. 


Proposition 1.29. Let s. a be circles of different radi ri, ry centered at 














(a) There exist two homotheties, ome fal it *) with positive factor and the 
other (call it H“) with negative factor, that map i to wa. 

(©) I common external tangents of and vp exist and intersect at H*, then 
H is the center of homothety H°- Somlarty, f common internal tangents 
of en exist and intersect at H- then H is the center of homothety 
2 

(6) Hion and ny are internally tangent at T, then T is the center of H+. If 
they are tangent at T externally, then T is the enter of H“. ~ 


Proof. (a) Let AB and A'B be parallel diameters of isy, 2, respectively. 


By Proposition 1.28(b) there exists unique homothety that maps A to A” 
mnd B to B and unique homothety that maps A to? and Z to A’. Both 
such homotheties map wy to a circle with center Oz and radius Opa which 
in precisely w. 





(b) Mt suffices to prove that H7* lies on the line O10; and that {28 = 2 
The former is clear from symmetry, the latter follows once we denote by 
Ti. Ta the points of tangeney of one common external tangent and circles 
61 Wa, respectively. Then AH*O,T ~ AH O;Ta (AA) and hence 








The part concerning t= 
(6) Finally. if the circles are tangent oT. s suficient to prove that FE = 2 
but ehis is obvious since O; = ry and TO; = r. B 
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Example 1.4. Circles oy, a are internally tangent at T. Chord AB of is 
is tangent to ssy at D. Show that TD bisects the engle ATB. 


* 


Proof. Extend TD to meet w for the second time at 1. Since T is the 
center of a homothety which maps sy tow, point 2 is the image of D and 
the tangent £ to wy at DF is parallel to AB (the tangent to wat D). This 
means that DY isthe midpoint of are AB not containing T- The aros AD and 
TYB aro shone and o ner the corpo ang ZATI a 
vr. 


Example 1.5. Let t be a line. Circles, both lying on the same side of 
1 are tangent to it at T, U, respectively, Circle w docs mot intersect t and is 
externally tangent to as, ssy at K, L, respectively. Show that TK, UL ands 
‘pass through a common porn 





Prof. Denote by t the lime tangent to parallel to t such that is between, 
{rand Y’. Denote by V the point where fis tangent to 
Homothety Hy with center K that maps s tow sends £ to and hence T” 
= to V implying that points T, K and V are collinear. Analogously. homothety 
a with oeme ha mop to sed ad ths U 86 V. 10 U, L 
V are also collinear and we are done. 














‘The previous example is rather apparent if one without los of generality 
places line £ horizontally with ssy. sp “abone” it. The argument then in fact 
states that homothety with negative factor sends points from the “bottom” ~ 
to the “tp” and vice vena. With this motion the following proposition is 
immediate? 


Proposition 1.30. Let ABC be a triangle and let its incre is and the A- 
circle siy touch the side BC at D, E, respectively. Let K be the point on the 
incirele such that KD is a diameter. Then A, K,°E le on a single line, 


Prof, We place BC horizontally with A “above” it. 





* 
‘The E i the "op" point omy att K, mt tpl to D, i the 
“top” point on s. Thay hse points cron în te pote matty 


Which takes 4 to ie. Since this homothety has cemer in A (see Proposition 
1.29), the points A, K, Æ are collinear. o 

‘The following two examples are a bit more challenging 
Example 1.6 (IMO 2005 shortlist). Jn a triangle ABC satisfying AC+ BC = 
3: AB the incirele has center 1 and touches the mides BC and CA at D and 
E, respectively. Let K and L be the rections of the points D and È with 
respect to 1. Prove that the points A, B, K, L lie on one circle. 

Prof. Using Proposition 1.7 (a) the coition can be rewritten as AB = 
JUC + BC- AB) = DC = EC. 

Let I be the point of contact of the A-excircle with side BC. By Propost- 
ton 17 (c) we have BDY = DC, so triangle ABD is isosecles and ADY 1 BL 
Moreover. points A. K, D are collinear (see Proposition 1.30). Hence by 
imple angle chasing, 


ZDKD =% - 2K D/B = Z0'BI = ZIBA, 


sd th qumdtriaterat ABI is coeli. Snagit ABL yi 
50 the points A. B. K, L lie on one circle. 








19 








Example 1.7 (USA TST 2010). Let ABC be a triangle. Points M and N lie 
on the sides AC and BC, remectcely, such that MN | AB. Pointe P and Q 
lic on the sides AB and CB, respectively, such that PQ || AC. The incre 
of triangle CMN touches segment AC at E. The incircle of triangle BPQ 
touches segment AB at F. Lines EN and AB moet at R, and lines FQ and 
AC meet at S. Given that AE = AF, prove that the inoenter of triangle AEF 
ies on the incinele of triangle ARS. 


Proof. Let BC be horisontal. 
Since AE = AF, there exists a circle tangent to AB, AC at F, By 
respectively We clan thats is in faet the ice of triangle ARS, Denote 
by Fi, En the "bottom" points of the incieles of triangles BPQ and CMN, 
respectively, and by D the “bottom” point of w. 








Consider homothety H centered at F that maps the incre of triangle 
BPQ to w. Cleariy, H sends segment PQ to AS and point Fi to D. This, 
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it sends segment FiQ to DS implying that DS is tangent to iz. Similarly, we 
Zet that RD is tangent to, so inked the icicle of ARS. 

‘The rest is just some angechasing. Focus on triangle ARS, denote by J 
its incentr and let J be the intersection of s and segment AL. We want to 
‘rove that J is the incenter of triangle AEF. 





One ofthe posible approaches is to realize that by symmetry, AY bisects 
ZPAE avd that JF = JE. Toen ZEFJ = ŻJEF = LIFA, where the 
second equality follows from tangency and thus alo FJ bisects ZEFA. C 


Multiple homothety 


After making ounelves weil sequnited with homothety. i is time 1o discus 
‘what happens if we perform two homot hetes one after the otber, 

these homotheties share the center the ret is obviously a homothety 
with the same center. If they don't, the question is more interesting. It turns 
‘out that (usually) the result is again a bomnotbety. Moreover, the ermer of 
homothety is restricted to lie on the line through the centers of the “partial” 
homotheties. This is the content of the following lemma which we utilize 
extensively for the rest of this ection. 
Lerman 1.31. Let Hi (H.k), Hal Haka) be homotheties such that My Ha 
and kky # 1. Then their composition (Le. the transformation of the plane 
in which we perform Ha first and then apply Hy to the result) it again a 
homothety with center on the line Hi Hs 
Proof, Once we know what to prove. it i no longer'hard. Let AB be a fixed 
‘segment and suppose that Hy maps it to the segment A'B which in turn i 
by Ha mapped to A”B”. 

‘Since both Hz and Hy are homotheties we have 

APB LAB |AB amd A'B" = ky- A'B = (kika) -AB. 

[As ks # 1, the segments AB and A"B” are parallel and of diferent length, 
henee there exists a homothety M(H. k) which maps AB to AB (see Propo 
sition 1.28 (a), 

















[Next we angue that H in fact works for every point in the plane, Inde, 
let C be an arbitrary point, C” its image in My, and C the image of C" in 
Ha. Then triangles ABC, A'B'C, and A"BPC" are mustually sila and have 
corresponding sides parallel, so % maps not only AB to A”B” but abo C to 
C". Therefore, the composition of H, and Ha i the homothety H. 

Regarding the center of H, observe that 1; is xe in Mi and its image 
in Ha belongs to the line Mi Hz. Hence the center of H lies on the line Hi Hs 
which finishes the proof of the lemma. 


m 





o 


‘The render is encouraged to verify that (in the setting of the lemma) if 
Kuka = L then performing komotheties Hi, H results in translation along the 
line HH. 

Alo, it is worth emphasizing that the resulting homothety has negative 
factor if and only if exactly one of the “partial” homoshetiex has negative 
factor. 

Next we introduce one diret corollary of the lemana, namely a stunning 
‘theorem of Monge 


Theorem 1.32 (Mongr's Theorem). Let wy. w, siy be circles such that the 
common external tangents of sy and wy intersect at Hy, those of a'y and ws 
intersect at H, and those afs and asy interact at Hz. Then the points Hy 
Ha, Ha ae collinear. 


Proof. Observe that Ha Hy Ha are the centers of positive homotheties which 
— wy to a, we to, andy tow, respectively. Since the third homothety 
is the composition of the Bit two (in other words, «n can be sealed to es 
ther “directly” or “viat sy) ts center Az ies on the line HiH 


— —— — 
the Mate of dere promt 
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maps w to Q also maps Ito O, point H* belongs to OF too. The concurrence 
i ths established. o 


We end this section with one slightly less straightforward example. 


Example 1.9. Points K, L. M, N lie on the sides AB, BC, CD, DA of 
a quadrilateral ABCD, respectively, such that lines AB, CD, and LN are 
concurrent at P and lines AD, BC, and KM are concurrent at Q. Denote by 
1X the intersection of KAL and LN. Prove that 1f the quadraterols AK XN, 
BLXK, and CM XL have imseribed circles then the quadrilateral DN XM has 
one to. 


Prof, We sim to make use of the Lemma 131 again. Denote the circles 
inscribed in quadrilaterals AK XN, BLYK, and CNL by sie, bs We FO 
spectively. Further, let i be the circle tangent to segment XA and rays XA 
and MD. We aim to prove that sy is actually tangent to DN too. 

First we map as t0 s via wp. Since P is tho center of positive homothety 
between iiy and w and Q ix the center of positive homotbety betwen sn and 
se, the center of positive homothety between i, and i (call it 11) belongs to 
the line PQ. 





Next we map ais to ig via it. As above we realize that the center of 
postive homothety between «is and «iy Bes on the line HP which osincides 
With PQ. However, this center also has to e om the common external tangent 
QK of, and ey henee the center of positive homothety between s and as 
is in fact Q. 

Finally, since as is tangent to QA, so is its image stg în homothety with 
center Q. o 














Exploring the Triangle 
‘The most importat point of focus in Bucidcan geometry is certainly the 
_grometry of a triangle. It has been investigate for thousands of years and 
‘ew results are still produced. Up to this date over five thousand interesting 
Points have been located in a triangle! For the purposes of this book, we will 
Concentrate om the two most frequent cofigurations. Namely those containing 
the orthocenter and the incente. 





Orthocenter, nine-point circle 
We will see that the orthocenter is in some sense the most convenient point 
in a triangle. The main reason îs that doe to right angles, many circles are 
involved, and thus ange chasing is (with few exceptions) a sure-fire strategy: 


Proposition 1.33. Let ABC be a triangle with orthocenter H. Then H lies 
Inside the triangle f and only if the triangle is acute. 





Proof. Since H Ties on the altitude from vertex A, we may observe that it lies 
inside the haltstrip erected on BC if and oniy if both angles ZB, ZC are 
cwe. By applying an analogous argument we obtain that H les inside ABC 
(inside halstrips over al three sides) if and only if all angles in ABC are 
sewe. o 


Note that in a right triangle the orthocenter coincides with the vertex 
Opposite to the hypotenuse and the picture degenerates, For this reason we 
will exclude right triangles from farther considerations in this section, 

‘The following emma is extremely wel when discussing the case of an 
obtuse triangle in problems where the orthocenter is present. It basically says 
‘that we are still dealing with the same picture. 


Lemma 1.34. Let ABC be a triangle with orthocenter H. Then the ortho- 
centers of triangles BCH, CAH, ABH are points A, B, C, respectively. 














Proof. Lines AH, AB, AC are in fact altitudes in triangle HBC, because 
AH 1 BC, AB 1 CH, and AC 1 HB. Hene A is the orthocenter in 
triangle HBC. The rost follows from an analogous argument. o 


Proposition 1.35 (Basic properties of the orthocenter). Let A4, BB, CC 
be the altitudes in triangle ABC with orthocenter H and circumrodins R. 
Then: 

(0) Quadrilateral BORIC’, CACA, ABA are cyclic with sides BC, CA, 

AB, respectively. as their diameters. 

(0) Quadrilateral! AC'H, BA'HC', CEMA’ are cyclic with segments 

AH, BH, CH, respectively, as diameters. 

L) Y angles 208 and ZC ame acute, then ZBHC = 180 

ZBHC = 2A 
(A) The eieumradi of triangles BHC, CHA, AHB are all equal to R. 

(6) Triangles AB'C', A'BC', ABC are all similar to triangle ABC with 
ratios of similitude oual to [cos ZA}, |cos ZB], [0082C], respectively. 

() AH = 2e 2A, BH = 2Rjeos 2B}, CH = 2R o 2C). 

Proof. In (a), quadrilateral BCB'C’ is cyclic with diameter BC since 

— = WF = ZCC'B. Fot the others the situation i analogous. 

Similarly in part (b), ACTH EY is inscribed in a circle with diameter AJ 
as ZACH = WP = ZHI A. The rest follows by analogy. 

For (€), we use the cirele through A, 8, H, amd C. With the help af the 
previous proposition we infer that both 218 and ZC are acute if and only if 
angles ZA and ZC'HE (= ZBHC) intercept the chord B°C from opposite 
— In either case we obtain the conclusion. 

In (d), we write the result of (€) as sin ZBHC = si 
whether triangle ABC is acute. 

“Then by the Extended Law of Sines the circumradius A of triangle BAC 


equals 
Bc — à 
Zaa ZBHC ~ Fein ZAT 
CEF in lero ti 


LA and otherwise 











A eeqardess of 


R 














In (e), the similarity AAC ~ SADC flows ftom the concyelichy of 
BCC. The ratio of silt gas 4E , which from the ihe triangle 
— eon ZAL 

For part (1). sinee by (b) AM is a diameter of the dreamin of age 
ABC td the diameter ofthe cramer tangle ADC Te 2R, we can 
‘once by (e). G 

There is stili mare to comet 
Proposition 136 (Wetton af the orthocenter). Let ABC be a tangle 
sth orthocenter H. Denote by Ha the faction of H oer the ide BC ond 
denote by H; the image of H under reflection about the midpoint of BC. 
Define points Hs, My Me H anolograniy, Then points Hss Hss My, My H, 
— ie on the come w of tangle ABC and Al, BHS, CHH are iis 
dieters. 








— — “ 


Prof, Since the circumcircies of triangles ABC and BHC have equal radi 
(xe Proposition 1.35(4)), they are in fact symmetric in line BC. Ths Ha 
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being the symmetrie point to H indeed lies on «z. For H we note that the 
‘two cireumeireles are symanetric also with respect to the midpoint of BC and 
repeat the same argument. 

I AB = AC, the last part follows from symmetry. Otherwise triangles 
— and WA)My, where My amd Ao are the midpoint of BC and the foot 
of Aaltitude on BC, are homothetic with center H and factor 2. Therefore 


LAMM, LIM = ZH ASM, = 99° 
and AN, is indeed diameter of o 


‘The most important discovery in this configuration was made by J. V. 
Poncelet? in 1821. It concerns yet another circle. 


‘Theorem 1.37 (The nine-point circle). Let Aa’, BB, CC’ be the altitudes in 

triangle ABC with orthocenter H, eircameenter O and circumrudins R. De- 

note by Ma, Mo, Me the midpoints of the sides BC, CA, AB, rapectively, and 

let Nyy Nos Ne be the midpoints of the segments AH, BH, CH, respectively. 
Then points May Mo, Mo, A', B, C*, No, Ni, Ne lie om a circle with radius 

Ihe center Op af this cinde beets ihe segment OH- Segments Nel, 
Mls, NoMe ane diameters of the circle. 











Proof. We just take the configuration from Proposition 1.36 and apply homo- 
thety HH, $). The conclusion follows. 











We also proved that the center Oy of the nine point circle lies on the Euler 
line of triangle ABC (se Example 1.3). 

Next we show a typical ange-chasng problem involving the orthocenter 

Example 1.10. Let AK, BL, CM be the altitudes of an acute triangle ABC 
and H its orthocenter. ‘Let S = BLO KM, P the midpoint of AH and 
T=LPOAM. Show that TS 1 BC. 
Proof. It slices to show that TS AK or in other words ZMT'S = ZBAK. 
But since ZBAK = ZMAH = ZMLH as MHLA is exci (see Proposition 
1.35(b)) we in faet need ZMTS = ZMLS or the quadrilateral TATSI to be 
eyci. 











fos, 

hen thie ae ew in sgh SAIT 
Peipin a 
asus ae 

B ETES cece — 
bi (Pd and Ph me ete gene orn oe ae 
— — 

Mabel CSM EFUB PSL el ee 
— á 


Example 1.11 (AlLRusian Olympiad 2008). In an acute triangle ABC the 
altitudes BB, and CC; intersect at H, O is the cireumoenter, 








amet at Q. Proce that the lines H An and PQ are parle 
Prof. Draw the cireumeirele is of triangle ABC and let H be the image of 
H nder retection about Ao. Then H, As, H, are oolineat and also A. O, 
H; ane collinear as AH, i a diameter of = (se Proportion 1-30) 

In order to prove HH, j PQ e slices to prove that triangles AQP and 
AIL are similar. Since these tangs share one angle, we mord A$ = if 
By Propositions 1.35(f) and 1.36 we have 

AN _ RomA 
am aR 





aza 








On the other hand, segments AQ. AP ave corresponding oevians (both pass 
through the respective cireumoenters) in similar triangles ABC, ABC}, 0 
ran roping) rattan thmt 3 = am ZA. Hoenn 
AQP and AHH, ae silat aa he concn bo 


saith sustini alba earn elit dic, 
ix some part of a wellknown cotiguration. Restoring the rest of i is often 
the winning strategy. Like in the next example 


Example 1.12 (China Western MO 2010). Quadrilateral ABCD is inscribed 
{ina semicircle with diameter AB and center O. Lines tangent to the semicircle 
at points C and D meet at E and the segments AC and BD meet at F, 
Denote by M the intersection of EF end AB. Prove that E, C, M, and D 
—— 








Proof. Let AD and BC intersect at X. Now we recognize that F is the 
orthocenter in triangle ABX. Points ©, C, D le on the nine point circle of 
triangle ABX and ZODE = OCE = 9. so E must be antipodal point to 
O on the ninepoint circle. Thus E isthe midpoint of FX implying that AF 
i te foot of th ad om. As suci ab hs onthe nine paint ciele 
of triangle ABX. 











Incenter, Midpoint of Are 


‘The second point we shall discus is the incenter. Quite surprisingly. despite 
its clone relation to the incice, its fundamental properties are more related 
{othe citeumeircle of a triangle. This is due to the fact that angle bisectors 
Ihave nice angular properties. In particular, they bring the midpoint of ares 
imo play. 

Proposition 1.38 (Basie properties of the incenter). In triangle ABC im- 
seribed în a circle ss let Tbe the center, M the midpoint of are BC ofis that 
does not contain A, and D the fost of the A-angle bisector. Then: 


(o) BIC = 7 + hea. 
(0) M les on the angle bisector of ZA and MB = MC = MI. 
fe) 

i At bte 


ib 








Proof. For (a). in triangle BIC we have ZBIC = 180° — }28 - }ZC = 
ore 42a. 

In part (b), the ares MB and MC are equal, hence the corresponding 
Inscribed angles ate also equal and we indeed have ZBAM = ZATAC. It also 
follows that APB = MC. Next, we calculate the angles in triangle JBM: 


2BIM = 180° - ZAI 





— 
pasjen 


MBI = MBC 4 CBI 





Hence the triangle IBM is sees with AIT = AB and we may conclude 
‘the proof of part (b)- 
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Finally in (6) we apply the Angle Bineta Theorem in triangles ABD and 
ABC to hata the eed 
Aap 
m-i = 





a 


Example 1.13 (IMO 2000). Let ABC be a triangle with incenter I. A point 
P in the interior of the triangle satisfies 


ZPBA+ PCA = PBC + PCB. 
‘Show that AP > AT, and that equality holds if and only if P = 1. 
Prof. First, we analyze the condition 


— 





A 
Since the sum of both its ses equals 228+ ZC, simple angle-chasing gives 


care = "(ce 8C A PED = Yen 2C) = 0 4 $A. 





‘Thus by Proposition 1.38(a) point P lies on the are BIC. 
Now the key is to recall that the cireumeenter of triangle BUC is the 
point M of are BC that does not contain A. In particolar, it is a point on 

the'line AZ. Now the conchasion follows just by looking at the picture! Indeed, 

among all the points on the cineumeircle of triangle BIC, point Fis the one 

ones to A. 

(The ae sking ruder may for P I write down the triangle inoaii 
in triangle AMP and subtract AA = AP.) 


Now we will form alternative definitions of tbe incenter of a triangle. They 


are often elu, especially in problems where only one angle bisector i in- 
Sse 
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Proposition 1.39 (Alternative definitions of the incenter). In triangle ABC 
let 1 be the incenter, M the midpoint of are BC that docs not contain A, and 
let D= AIOBC. Let X be a point om segment AD. The following statements 
are equivalent 


wxi. 
() MX = st. 
(6) <0xe =o + 2a 


Proof. We already know that I satisfies both (b) and (c) (se Proposition 1.38) 
‘0 it remains to realize Uti the only point on segment AD with any of 
these properties. 

For (b) it i obvious. For (<), we mote that X lies on the cireumeircle of 
triangle BICI which intersects segment AM at ose point only. o 


Example 1.14 (IMO 2002). Let BC be a diameter of circle s centered ot O. 
Let A bea point of such that LAOB < 120". Let D be the midpomt of the 
are AB which does not contain C. The line throagh O parallel to DA mets 
the line AC at 1. The perpendieslar bisector of OA meets w at E and at F, 
Prove that 1 is the incenter of the triangle CEF. 


Proof. Thanks to condition LAOI < 120, paimt A is the midpoint of are EF 
which does not contain C. Hence line CA isthe angle bisector of CECE. Ht 
remains to prove AU = AF. We claim that both lengths are in (act equal to 
the radias of the etl c 








{ 


‘This assertion is obvios for AF because as F lies on the perpendicl 
bisector of AO. we have AF = OF. 

Moreover, since D is the midpoint of are AB, we have £BOD = }ZBOA = 
— so OD | CA. Bat this means that quadrilateral DOTA is a parallel- 
‘ogram (DA | OF was given). Ths A = DO aod we are done. o 


“The points on the angle bisector are tied by many relations. One of them 
is a consequence of a metric entity ich holds in a more general framework. 
For reference purposes we shali call it the Shooting Lemma. 
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Proposition 1.40 (Shooting Lemma). Let M be the midpoint of are BC of 
he circle e. Let ray £ emanating from M intersect segment BC ot D and ss 
{forthe second time at A. Then: 


(a) MD- MA= MBP. 

(0) IFT i the imcenter of triangle ABC, then MD- MA = MI 

(0) H another ray € from M intersects BC at DY andis at A’, then DD'A'A 
—* 


‘Prof, Westar with (a) As A is the midpit fae BC, we have ZAC = 
FIZA ZAIAB. Hence the line MB tangent othe cicumcre of ingle 
ABD (ee Proposition 1.15) a by Powe ox Point MD > ALA = MBP 
Part O) follows bmnmnodistety fen M15 = A (ee Proposition 1-38(0))- 
And in part (c) the concpcy of DIY A'A eared by Pome afa Point 
ms (0) ime 
MDMA MIP = MU AMA 


OR 


i \ ( x 
S SH 


‘The following propiton reveals strong connections between the center 
ud the ortkocenter. 


Proposition 1.42. Let AHC" be o triangle inscried in a circle is and with 
incenter Let May Mu Me te the midpnnts of ares BC’. CA. A'B" of 
15 that do not contin pointe". IF, C”. resptiely. Further, denote by Mi, 
M, ME the antipodal points on the cireumeirele of triangle ABC with respect 
to Mus Mpu Me, respectively Then we obtain exactly the same configuration 
as in Proposition 1.36 where points W. B. C, Mas My Mes AMS, MY, Mi. 
T correspond to Ha. Ha. He. A. B. C, H> He He, H, respectively (onthe 
lation of Proposition 1.38) 














Proof. The angle between Kins A'e amd MoM equa ty Corollary 1.148) 
— — to the shorter aren A'e and MiMe, hs it 
— }20 4 (2-4 128) = 9P. Hemor AAL, i an alto in tangle 
— Similarly, 27M, and C'A, ar aiden amd o F is the ortboceter 
in tringle MAM and the points A, BF, correspond tothe imags of 
‘orthocenter in fection ener the ting ses. Sie pts AI, Ms and Af 
ratio My Ady ——— 
‘orthocenter in efits abot the mists the sides of rangle MMe 
(eal AU, is date). o 





Excenters, the Big Picture 


In onder to reveal another strong eonmoction betwen the incenter and the 
orthocenter, we add sonne points in our picture, namely the excentrs. Agin, 
tee may be surprised that the escrters are in a certain way more compat 
ith the cireumeircle than with the areal exces. 

Now, let's dckne the most significant proposition of this section. Quite 
lusexpectely the picture we obtain tars owt 10 be rather familie! 





Proposition 1.42 (The Big Picture). fn triangle ABC with incenter I let 
Mas Mn, Me be the midpoints of ares BC, CA, AB that do not contain points 
A B, C, respectively. Farther, denote by A, My, M£ the amtipodal points 
‘on the cireumeircle of triangle ABC with respect to Ma, Aly. Mc. respectively, 
Finally, let Ty. he Me be the excetersopponite to vertiees A, B, C, resp: 
— Then T is the orthocenter of trangle dsl and the cireumeirele of 
triangle ABC is the nine pont circle of rangle Ill. This has the following 
—ñ 


(a) Points Mi, Mi, ME are the midpoints of the respective sides in triangle 
Like 
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) Quadrilaterals BICIa, CIAL, ATBLe are cyclic with diameters Hay Hy 

Fle, respectively. The centers of the respective cireles are Me, Mj, Me 
(e) Quadrilaterals IBC, L4CA. LAB ore cyclic with diameters yle 
las Lals, respectively. The centers of the respective circles are Mf, 
Me 








‘Proof Fist observe that points fy, Le both lie on the external bineto of ZA 
and hus A ies on Jale. Now cleat 





aran= araca coat hearke- 24) <a 


ence A is indeed the foot of the altitude in triangle 1/1- Since an analogous 

Argument hold for B and C, then I is intend the orthocenter of triangle Jelole 

and thus the cireumeircle of triangle AIBC is indeed the nine-point circe of 

triangle Fel a 
In the following problems we again apply the ides of integrating the given 

picture into some well known coatguration, 

Example 135 (All-Russian Olympiad 2005). Let ABC be a triangle and 1 


its incenter. Denote by Ay the midpoint of BC and by M the midpoint of are 
BC containing verter A. Prove that ZIALE = ZIMA. 
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Proof. Draw the Big Picture from Proposition 1.42 and observe that since 
BCh is evi, the tangles BIC sed Ic, are similar. 





Moreover, FAs and 1; are corresponding medians in these triangles and 
angles ZIAD and ZIMGA also correspon in thie similarity and Thus are 
eal. D 


Example 1.16 (All-Russian Olympiad 2006)- Let ABC be a triangle. The 
angle bisectors of the ongles ABC and BCA intersect the sides CA and AB 
‘at points B, and Cy, and intersect each other at point 1. The line BIC; 
intersects the eirumciele of triangle ABC at points M and N. Prove 
‘thatthe cicumradius of triangle AIN a tice as long as the esrcumradiae of 
triangle ABC. 





Prof. Again, daw the Big Picture! We claim that the cireumeirele of rangle 
AMIN is in fact the cireumcircle of triangle fl. which we know from 
Propositions 1-42 and 135(d) to have twice as long radius as, the nine point 
ree of triangle Ili 
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suffices to prove that By and Cy ie on the radical axis of w and: 
then Af, N would indeed lie on oy 

But this follows from the Radical Lemma as BYAL, and CIAJ are eyclie. 

a 


since 
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Spiral Similarity 


In the family of geometric transformations there is an exquisite gem with 
a noble name, the spiral similarity. Mastering this transformation ensures 
the deepest insight and the techniques we are about to reveal reduce many 
‘olympiad problems to simple exercises 

AS the name suggests, spiral similarity’ will ako preserve the shape of a 
figure, but this time aso rotation will be involved. 

‘Given a point S, a positive mmber X and am ange y different rom 0° and 
190P, spiral similarity with center S. dilation factor k and angle of rotation 
1? is a geometrie transformation that sends point A to a point A such that: 


(a) SA = k- SA. 
O) ZISA, SA) = y 
Such a spiral similarity is denoted by S(S k, y). Note thatthe triangle SAA 


will have fixed shape (SAS) regards of which point A we choose. We can 
say that chis shape is produced by S. 














F aim — = 
EV 


* 





180°, spiral similarity would reduee to ho 
rmothety. For k = 1 it reduces to rotation. In general, spiral similarity is a 
‘composition of these two traztormations. 

AAs homothety maps figures to similar figures and spiral similarity is only 
homothety followed by rotation, s also maps Rgures to similar figures. Mare 
over, these two figures are always directly similar. This means that the cor- 
responding points of the two gures are arranged in the same (either both in 
— or both in anti-clockwise) order. 


Proposition 1.43. Let S(S. k.) bea spiral similarity. Then: 


(a) Image of a lime € is a line. If ioe denote it by €, then ZEL) 
0) Image of « triangle ABC is a triangle A'B'C directly similar to it with 
factor k. In other words, 


A'B/AB = 4C/AC = B'C'/BC =k 
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and 





HAB, ABY = HAC, AC) = ABC, BC) =e: 

(6) Image of a circle with radius Risa circle with radius k- R 

Proof. We shall prove only (a) and lave (b) amd (c) as easy exercises for the 
reader. The image of line £ under homathety H(S,&) is a line € parallel to £. 
Image of this line under rotation is again line. 











Now denote by Xs the projection of S onto és. Since rotation preserves 
angles, the image X” of Xa under the rotation with center S and angle is 
the projection of $ onto £. Thus if we denote the intersection of fy and & by 
P, we obtain LC.) = <las) $ PN, PX’) = (SNa, SX") = y aoe S, 
Nay P. X’ are coneyclie, a 


Our first application of spiral sirnilarity will be the proof of the soealiod 
Simson" lime, 


Proposition 1.44 (Simson line). Let ABC be a triangle and X a point in 
its plane. Denote by P, Q, R the projections of X to the sides BC. CA, AB, 
respectively. Then the points P, Q, R lie om a single line if and only if X les 
on the cireumeirele s of the triangle ABC. 

Proof. First assume that X € at If X coincides with one of the vertices, we 
st the conchasion immediately. Ako. if X is antipoda! to one of the vertioes 
(Gay A), then Q = C, R = B and we are done. Otherwise, we look at right 
triangles XPC and XRA. The concyeliciy of ABCX gives 


AXA.AB) = AXC.CB), 


Which means the angles are dirty similar. Now we consider spiral 
similarity centred nt X which ene P t0 C and thas la Ro Aan dete 
by the image of Q. Then as we preserve shape, © AC and the eolinearity 
EP, Q, and follows from collinearity of thet images C. and A. 
“The argunent may be revered to show the “oly prt ofthe statement 
5 o 
— — —— 
— 
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‘One thing to remember about spiral similarities is that they come in 

pairs. Whenever we come across a spiral similarity, there is always another 

one nearby. 

Proposition 1-45 Let SS.) be a spiral similarity that maps A to A' and 
to B”. Then: 

ASAB ~ ASAD 

(0) ASAN ~ ASBB- 


(6) Spiral similarity S'(S, V, 4”) maps A to B and A’ to B for suitable choice 
ASE and. 


p 
— 

¥ ` F 

Proof (a) Is immediate as $ takes triangle SAB to triangle SAB 


(b) Follows from the definition of spiral similarity. 
(6) Is a consequenoe af (6). a 








[Note that although these two spiral similarities share a center, they are 

not equal. They differ in diistion factor as well as in the angle of rotation, 
‘This property of spiral similarity enables us to prove tbe famous theorem 

‘of Ptolemy” which provides a metric characterization of cyclic quadrilaterals, 


‘Theorem 1.46 (Ptolemy's Inequality). Let ABCD be a quadrilateral. Denote 
‘the lengths of AB, BC. CD, DA by a, b, c,d, respectively, and its diagonals 


AD) wasn Egyptian matin and tremor. 
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AC, BD bye, f, respectively. Then 
c+ bd > ef 
‘and the equality hold if and only if ABCD is cyclic. 


Proof. Consider spiral similarity S with center C that sends D to B, and 
denote by A the image of A under S. 





Fi * 
Since ACDA ~ ACBA' (with actor $), we have BA’ = d- }. As spiral 
similarities come in pairs, we also have ACDB ~ ACAA' (with factor £) and 
thus AA’ = f + $. From the triangle inequality applied to triangle AZA’ we 
Aeduce 
+ 





e+e 


from which the result follows immetitely. The quality occurs if and only if 
points A, B, A’ ane oollinear, Le. if ZCBA = 180 — ZA'BC = 180" — ZADC, 
Which is equivalent to ABCD being cyclic o 


Now we shall investigate, whether there exists a spiral similari 
sends two given points to two given poista. The answer is positive. 
Proposition 1.47. Let A, B, A’. B be points in plane such that no three of 
‘them are collinear. Assume thatthe lines AB and A'E interact at P. Then 
‘there exists unique spiral similarity that sends A to A’ and B to B'. The 
‘center of this spiral similarity is the second intersection of the circumeircles 
of triangles ANP and BEEP. 


Proof. For S to be the center of the desired spiral similarity S(S. k, p) that 
maps AB to A'B', we need ZISA. SA) = 2(SB,SB) = ZAB. AB) = 
& (see Proposition 143(b)), implying that $ has to belong to both circles 
Cireumseribed to triangles AAP and BEP (recall Proposition 1.18) 

Ht remains to prove that triangles SA4 and SBE are directly similar. 
We have already ensured (SA, SA') = (SB. SP), and after we use the two 
(circles, we obtain 


ARALAS) = 4APPS) = Z(E P.PS) = ZB. BS), 














whit 

















and we are done (AA). 
M the cieumeitele of triangles AA'P and BBP happen to be mutually 
tangent, the spiral similarity degenerates to homothety with center P.O 


‘The proposition does not apply to cases when same thee of the four points 
are collinent. In thee cases one of the circles becomes tangent to a correspond. 
ing Jine. Details are let to the reader. 

‘The previous proposition can be restated so that it makes us more filing 
With the configuration of two intersecting circles. 


Proposition 1.48. (a) Let SAB, SAI be tuwo directly similar triangles with 
Cirenmeincle s, s, respectively. Then w, s and the lines AA’, BB! pass 
through a common point. 

(B) Let circles wy, usy intersect at P and S. Then in the spiral similarity S 
— center $ which takes w tow! point A’ €u” te the tmage of AG w if 
and only f Pe AA’ 


Proof. (a) I triangles SAB and SAE have parallel sides, the common point 
$s their center of homothety S. Suppose otherwise. Let P = AA'N BB 
Since $ is the center of spiral similarity which sends A to B and A’ to 
BY, it is (by construction) the second intersection of the cireumcircles of 
triangles ABP and A’B'P. Hence P lies on both w and of and we may 
——— 
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(b) First note that such spiral similarity exists. Now take points A,B € w and 
denote by 4’, B € a! their images in S. Then since ASAB ~ ASA'B", 
(a) gives that AA" passes through P. We have proved that the (unique) 
image of A in S is the second intersection of AP and w/, so we are done. 

a 

We have learned that every time we see two intersecting circles with some 
lines passing through one of the intersections, there i a spiral similarity to 
consider. And conversely lines joining corresponding points in spiral similarity 

‘often pass through an intersection of two circles. 


Example 1.17 (IMO 2006 shortlist). Consider a connez pentagon ABCDE 
such that 


LBAC = ZCAD = £DAB, ZCBA= DCA = ZEDA. 


Let P be the point of intersection of the lines BD and CE. Prove that the tine 
AP passes through the midpoint of the side CD. 


Proof. Denote by w, w the cireumeircles of triangles BAC, DAE, respec 
tively. Note that triangles BAC, CAD and DAE are mutually stil (AA). 





Consider the spiral similarity that maps triangle ABC 2 
Proposition 1.48(a) implies that P is also the seeond intersection of and «r 

From ZCBA = ZDCA and ZADC = ZAED i follows that CD ie tangent 
to both 4 andy. Hence the midpoint of CD has equal power with respect 
to oy and ey (nately (JCD)') so it Ties on their radical axis AP (consult. 
Proposition 1.21 if needed) o 





‘The following proposition cam be proved by somewhat technical angle- 
chasing but equipped with the wo previous propositions, we give an instant 
proof! 

Proposition 1.49 (Miquel point of a quadrilaterãi). Let ABCD be a quadri- 
lateral. Assume that rays BC and AD intersect ot Q, and rays BA and CD 








intersect at R. Let iy, we, ts, 4 be the cireumeiredes of triangles RAD, 
| RBC, ABQ, CDQ, respectively. Then x, ta, 34 passthrough a common 
point M. This point is called the Miquel point of the quadrilateral ABCD. 





Proof. By Proposition 117, the second intersection AF (A # R) of wy and 
‘exis the center of the spiral similarity that maps A to D and B to C. By 
Prono 148 k o alao he cemer af al iy that mapa A 10 À 
‘and D to C, so again by Proposition 147 it Bies on cs and wu. 


Example 1.18 (USAMO 2006). Let ABCD be a quadrilateral with nonpar- 
allel opposite sides and let E and F be points on the sides AD and BC, 
respectively, such that AE/ED = BF/FC. The ray FE meets the mays BA 
find CD at $ and T. respectively, Prove that the cireumeircles of triangles 
SAE, SBF, TCF, and TDE pass through a common point. 








Proof. Let M be the center of the spiral similarity $ that maps A to B and D 
t0 C. Then it takes AD to BC and as points E and F divide these segments 
in the same ratio, it also takes Æ to F 
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Hence $ maps segments AE to BF and ED to FC implying that M is 
the common Miquel point of quadrilateral ABFE and EFCD. Thus it lies 
om all the desired circles. a 
For ample understanding of spiral similarity the next example i fanda- 
mental. 
Example 1.19. Two squares ABCD and A'B'C'D (toth labelled in counter- 
clockwise onder) are given în plane. Denote the midpoint of segments AA’, 
BBY, CC', DDY by Ay, Ba, Cy, Dh, respectively. Prove that A, BIC, Dh is 4 
agare. 
Proof. Consider spiral similarity S that maps A to A' and B to BF. The 
image of ABCD under $ is also a squace. As it shares vertices A’, with 
— oder, it is infact identical 
to Hence $ maps ABCD to ABCD. 








[Now observe that by Proposition 45(a) triangles ASA’, BSI, CSC’, and 
DS are mutunlly similar. Since segments $A, SB, SC\, SD, are medians 
in similar triangles, we have AASA! ~ ABSB, ~ ACSC, ~ ADSD, Thus 

spa similarity SS, ZCA, SA) maps ABCD to A140, D; implying 
that A BIC, D, is indeed a waare 


Apparently, this example illustrates a more general concept. For example 
we could replace two squares by any two directly similar figures. Also, we 
could divide the segments A4’. BEY, CC", DD’ in any given ratio and the 
proposition would stil hold. Loosely speaking, any “weighted average” of two 
directly similar (Le. not necessarily equally oriented but labelled in the same 
direction) figures is a similar figure.. To generalize yet further, we may even 
average” more figures than two. The centroids, for instance, of the triangles 
formed by corresponding vertices of three natal similar nos form again 
a similar ngon. From now on we will refer to this principle as Averaging 
Principle * 

‘Taking a bit diferent point of view we also see that if we join corresponding” 
points of two directly similar figures and “glide” uniformly along these lines, 
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then the shape of the figure is preserved. We choose to eall this the Gliding 
Principle 


‘These principles generate tons of olympiad problems. Instead of a square, 
‘we can take a triangle with its orthocenter, segment with its midpoint, and 50 
‘on. Every time we obtain a challenging problem! 

‘The last example in this section only combines the ideas already discussed 
and fully exposes the power of spiral similarity. 
Example 1.20. Let cirles wy, «y centered at Os, Os, respectively, intersect 
at P and $. Points A, D ony and B, C om w are chosen such that segments 
AC and BD intersect at P.. Denote the midpomts of AC, BD, 0103 by M, 
N, O, respectively. Prove that O isthe cirewmernter of triangle MNP. 


Proof. Again by Proposition 1.48(b), $ is the center of spiral similarity that 
sends A to C, D to B, w to s and thus abo O; t0 O3. 









As triangle SAD gles to triangle SCB, its cireumcenter O; glides along 
010: and since P and $ are symmetric about 010, its cireumcirele at ll 
times pases through P. Focusing on the situation in the middle ofits way we 
realize that S, M,N. and P Be on a circle with center O. a 
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Inversion 


‘The most exotic geometric transformation we shall cover in this book is inver- 
son. Unlike the transformations we bave seen so far when applying inversion, 
Figures may substantially change their shape. Yet, as we will see, inversion is 
an ultimately powerful toot in solving geometric problems. 

Properties of inversion can be stated more ficiently if we introduce a point 
‘at infinity. We shall denote it as 20 and we establish that it Hes on each line. 
‘This extended plane is called the inversve plane. 

‘Now let's disclose the definition. Given a circle w with center 7 and radius 
T > 0 we define the image X of point X under inversion about was follows: 


(0) HEX =F them X” = 2, 
(0) IEX = 00, then X° = 7. 
(6) Otherwise, X" is such point on ray EX that LX «IX? = rë, 






hee 
Observe that points inside (with LX < r) are mapped to the outside 
(IX > r) and vce versa, while is lef intact. Further, we perform inversion 
abont the same cece twice, we obtain identity mapping, (nothing, happens). 
În other words, X” is the image of X if and only if X is the image of X”. 
Let's discover mome further properties. 
Proposition 1.50. Let X be a point outside the cirele s centered at I. Let 
tangents from X touch w at points A. B. Finally, denote by X' the midpoint 
Of AB. Then X' is the image of X under inversion about w 
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Proof. First note that by symmetry points I, X’, X are oollinear and ZIX'A 
WF. Since AX is tangent tow, we alo have ZTAX = 90. Thus ALX'A ~ 
AIAX (AA) and IX": TA = TA: IX which implies the desire result, C 


‘Soom, when we apply inversion to problems, the following property will 
De crucial, It will allow us to recalculate distances and angles inthe inverted 
picture. 


Proposition 1.54. Let 1, X, ¥ te paineis distinct non-collincar poir 
Denote by X and V" the images of X and Y under inversion about a circle with 
fender 1 and radius r > 0. Then AXIY ~ AY'IN" with ratio of 
SF = nev. In particular, 

(a) XVI = IXY", 

0) XV! = XY rë- 

(XY XV" hap 


Proof. By the definition of inversion we obtain HY = fi = FX. implying 
AXIY ~ AY'IN’ (SAS). Parts (a) and (b) follow nmeditely, and for part 
(e), just recall that points X, Y are the images of X” and Y” and use (b). C) 


As we will sev, the radius of inversion may often be chosen arbi 
‘uch case, we shall use the notion of inverting about a pot, The radius will 
be considered to be equal tI. 

[Now let's see what happens to lines and circles after inversion. The answer 
in surprisingly convenient! 
Proposition 1.52. Denote by £ the image of line £ under inversion about I. 


(a) Yle t, thene =t. 
(0) H 1 4 6 then € is a circle with center O passing through I such that 
orse 











Prof. Part (a) is immediate since images of points from £ never leave this line 
And every point is attained (reall that 7 maps to oc apd oc maps to 1). 











For part (b), denote by X the projection of 7 on £, and kt Y € 6 Y 4 
X. Further, denote by X”. Y the images of X, Y under the inversion, As 
ZIVIX! = ZIXY = 90", point Y” lies on the circle with diameter 1X”. It 
can be easly sen hat coch point of tkis cic ned attained (again eal 
that 7 maps to 90 and oc maps to 7) 


Proposition 1.53. Denote byw! the image of cirele w with center O under 
inversion about 1. 


(a) 11 6, then of isa line perpendicular to OF 
UB) IF w, then i” ts a inele. Morrocer, centers ofis and uf are collinear 
—* 


‘Proof. Part (a) is esentally the same statement as Proposition 1.52(0). 





For part (b). let a line through / intersect s at points X and Y and denote 
by X°. Y” their respective images under inversion. Again we have 


w, * 
iv WIR I 





thus if we consider homothety HL. zy). then points X", Y are images of 
Y. (inthis order). Since by Power f Point the quantity yyy is constant 
as points X and Y vary om the set 0 i just the image of in homothety 
H and inevitably it is a circle. Alan, centers of and ware collinear with 7. 

a 











Which objects correspond under inversion about 





It should be stresed that while circles are often mapped to cic, is 
ot true that their centers would be mapped to one another! 

Mystery remains about how we apply inversion in problems, The idea 
is that we invert both the figure and the desired conclusion to obtain an 
‘equivalent problem. Very often (but not always!) this equivalent problem is 
—— 

As we will soe in the first example, inverting about a point with many 
circles passing through it usually leads to a much simpler figure. 
Example 1 
such that Fy, Fy are externally tangent ot P, 
fat the same point P, Suppose that Ty and T'a, Fa and Ta, Fa and Fa, 
Fy meet at A, B, C, D, respectively, and that ll these points are diferent 
from P. Prove that 

2 
AD: DC ~ PDP 
Prof, Invert about P (using standard notation for images X — X’). Since 
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the circles will be transformed into a pair of parallel ines. The same argument 
applies for the circles Fa, Fe- Now observe that points A’ B,C", IY are the 
Intersection points of two pairs of parallel fines, and so they form (in this 
order) a parallelogram. In particular, we have A'E = C'D' and B'C' = A'D 
În terms of distances from the original picture this means (ace Proposition 
1510) 


a OE E EN 
PA PB” PC-PD’ PB-PC™ PD-PA 
Multiplying these tno relations gives the result. o 


‘The previous proof, although it is very short, does mot give any guidelines 
as to how we should be proving metric identities afier inversion. In the next 
‘example we will try t make it more understandable. The ide fs that we 
perform some ealelation (Proposition L.51()) to ase how the desired metric 
condition transforms into the laertet picture. 

This time the strange constraints impare on angles motivate the inversion: 
We hope they turn into something more approachable. 
Example 1.22 (IMO 1996). Let P be a point inside a triangle ABC such 
that 

ZAPB- ZACB = ZAPC~ ZABC: 


Let D. E be the incenters of triangles APB, APC, respectively. Show that 
the lines AP, BD, CE meet at a point. 





Prof We wan to prove that tbe angle Mito of PBA ami ZACP both 
lataret AP atthe sme ptt Z. Dy Ange Bor There applied 1o 
tramps PDA and PCA. tis happily 

an az ac 

PB” ap PE 
Menoe it sutis to prove f= E or AB- PC AC- PD. 
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Invert about A. First, let's find out what happens to the metric relation 
we are proving. By Proposition 15i(c) we are left to prove 





oF equivalently PC” = PB. Now we transform the angular condition into 
the inverted picture. By Proposition (a) it is equvalew to 


LPBA~LOBA=2PCA~2BCA, 


or just LPC = LPC. So the triangle P'C'E is isosceles, which is 
exactly what we needed o 


‘To get n firm grasp of the previous technique, we strongly encourage the 
reader to try to solve the last example by inverting about P. The calculation 
s very similar. 

Unlike the previous examples, this time we shall not use inversion to switch 
toa diferent problem. We consider some of its effect without leaving the given 
configuration. In mich cases a good choice of iverson radius i often erica, 


Example 1.23 (Iran 1905). Let M, N, P be the points where the incre of 
senlene triangle ABC touches its sides BC, CA, AB, respectively. Prove that 
the orthocenter of triangle MNP, the incenter F of the triangle ABC andthe 
incumcenter O of the triangle ABC ore collinear, 

Proof. Note that 1 is the circumoenter of triangle MNP, so we are in fact 
proving that O les on the Euler line (we Example 1.3) of triangle MNP, We 
Invert about the circle. 


* * 


‘The images A’ B’, C of points A. B, C are the midpoints of NP, MP 
and AN, respectively (see Proposition 1.50). Thus the crcumcirl of triangle 
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ABC is taken to the cireumeircle of triangle A'B'C", ie. the nine-point circle 
Of triangle ATP. Denote the cireumcenter of this wine point circle by X. 

As the center of a citele, the center of its image and the center of inversion 
are collinear, points O, X and 7 lie on a single line (but X ix not the image of 
©. bea Hones both fw X lie on the Eur Ine of ine MNP 
(Gee Proposition 1.37), hence © lies there too. 


Vizsinversion 
‘The lst technique disclosed in this book eaxnccts inversion with antiparallel 
Times and triangle geometry. Given a triangle ABC we consider the trnsfor- 
‘mation which fist reflects point X over the A-angle bisector imo X” and then 
Inverts X” about A with radius VBe into X”. We call X” the image of X in 
Vbsinversion. 

‘The seemingly complicated definition has many immediate and very pleas- 
amt consequences. 
Proposition 1.64 (ViSinversion properties). If we consider V/-inversion 
in triangle ABC with angle bisector £ and cireumeircle w then the following 
holde: 
(a) B maps to C, C maps to B. 
(4) w maps to BC, BC maps to w, 
(e) Lines AX and AX’ are isogonal for X 4 A. 
Proof. As AB and AC are symmetrie with respect to £ the image of les 
0n AC. Moreover, by the definition of inversion 


AB- AW = AB- AC. 


thus indeed! AB? = AC and Bt = C. For the same reason also C maps to B, 


Which concludes the proof of (a). 
For (b) just observe that the image of asis a line passing through B- 
and C' = B. Part (c) goes without saying. 
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“The power of V/inversion will be demonstrated on two examples 
Example 1.24. Let s be the cireumcircle of triangle ABC. Circle «a, is 
inserted on angle BAC ond touches eternally at T- Let D be the point of 
langene of BC and the Avera. Show thet ZBAT = ZDAC. 

Proof. We apply VE inversion amd obmerve that of is stil inscribed in ZBAC 
amd as ioy touched Internals of touis BC externally, henee ois the 
“Arexctcle of triangle ABC. Thus T and D correspond in the Vic- inversion 
and the conclusion follws. 


\ 
o 


Example 1.25 (Serbia 2008). Triangle ABC is gien. Points D, B lie on 
the line AB such that AD = AC, BE = BC, and the points D, A, B, E 
are collinear in this onder, Bisectors of interna angles at A and B intersect 
BC, AC at P and Q, respectively, and the circumeirce of triangle ABC at 
M and N, respectively. Line through A and the center Oy of the eireumeirele 
‘of triangle BAE and ine through B and the center Oz of the circumcircle of 
triangle AND intersect at X. Prove that CX 1 PQ. 

Proof. We approach the point E metrically and we the Angle Bisector The- 
‘orem (see Proposition 1.10) to obtain 
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‘Then in VBčinvension points E and Q correspond as well as points P and 
M. Thus the cicumeisce of triangle BAE corresponds to the circumcirele 
of triangle CPQ centered at O. Theefore, the lise AO is isogonal to the 
line 40, in ZBAC (se Propositions 1.530) and 1.54()). Siemilaris, BO is 
— to BOs in ZABC and thus O and X are isogonal conjugates with 
espect to triangle ABC (see Proposition 1.20). Finally, in triangle CQP the 
Ta Cena wth CO, th thea (ell Proposition 1.17) 
and we are done 


Chapter 2 


Introductory Problems 


1. Determine om which side i the divers seat inthe car depicted in the 
figure 





2. In ight triangle ABC with hypotenuse BC let D be the fot of altitude 
from A. Show that 


BD-DC = DA, BD-BC= BAY, wå CD-CB=CA. 


3, Paralelogram ABCD is given. The bisectors of ZA and ZB meet at E 
‘on the side CD. Prove that triangle AEB i right and that AB = 2AD. 


4. Let AB be a fixed segment and d > 0. Find the locus of the centers O 
f parallelograms ABCD with BC = d. 
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5. Through a fixed point O which is midway between two parallel lines we 
draw a variable line which intersects the parallel ims at points X, Y, 
respectively. Find the locus of points Z such that the triangle XY Z is 
‘equilateral. 


6. Convex quadrilateral ABCD is cut by lines connecting midpoims of its 
opponite sides into four jices. Show the pieces may be rearranged 19 
form a parallelogram 


T. Points D, E vary on the side BC of triangle ABC such that BD = CE. 
Denote by M the midpoint of AD. Prove that all lines ATE pass through 
‘fixed point 


5. Show that the composition of two point reflections (Le. performing one 
falter the othe) with distinct centers O; amd Os results in a translation 


9. In acute triangle ABC let A, By, C, be the midpoint of the respective 
— and Ao. Bo. Co the foet of respective altitudes. Prove that the 
length of the cloud broken line Aot CoA; ByCi Ao equals the perimeter 
of triangle ABC. 





10, Fixed circles ys of distinct rad are externally tangent at 7°. Consider 
ail pairs of points A € wy. B € uy atch that ZATB = 7. Show that 
all such lines AB pass through a xed point. 





11. Let ABC be a triangle. Denote by AL, N. P the midpoints of its sides 
BC, CA, AB, respectively, and by J. K. L the incenters of the triangles 
APN, BMP, CNM, respectively. 

(a) Prove that AJKE ~ AABC. 

(b) Prove that lines JM, KN, and LP are concurrent on the line 1G, 
Where 7 and G are the incenter and the centroid of triangle ABC, 
respectively 
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12. Let ABC be a triangle with AB < AC. Denote by Ao the foot of its 
altitude, by D the point of contact of the incircle with the side BC, 
by K the intersection of BC with the angle bisector of ZA, and finally 
by M the midpoint of BC. Prove that poins Ay, D. K. AI are mutually 
— and lie on the line BC in this order. 


13. Let w be a fixed circle with center at O and radius R and let A be a 
fixed point outside the circle. Point X varies on s so that A, O, and X 
fare not collinear. Find the locus of the intersections Y of AX with the 
ange bisector of 240X, 


14. A variable point X runs along a semicircle w with diameter AB (X # A, 
X # B). Let Y be such point om the ray XA that XY = XB. Find th 
Joens of points Y- 





15. A variable regular hexagon ABCDEF has fwod point A and its center 
O is moving along a given line. Prove that the remaining fve vertices 
also describe straight Kes a that thew limes ane concurrent. 


16. Let ABCD be a cyclic quuiiateral and let Ma, He be the orthoventers 
of the triangles ABC and ABD. respectively. 
(a) Show that points A, B, Ha, He lie on a single circle. 


(b) Draw akso Ma and Hs, the orthocenter of triangles BCD and CDA, 
and prove that ABCD is eongract to Halli HHa: 





Let D and E be the points of contact of the incirele of triangle ABC 
with its sides AB and AC, respectively. Also, let X be the cireumoenter 
of triangle BIC, where I is the incenter of triangle ABC. Show that 
ZXDB = ZXEC. 
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18. Let ABC be a scalene acute-angled triangle with orthocenter H. Show 
that the Euler lines" of wianghes BHC, CHA, AHB intersect at one 
point on the Euler line of triangle ABC. 


19. Let ABC bea triangle and D the foot of its A-altitude. The line through 
A parallel to BC intersects the circumcirele x of triangle ABC for the 
second time at E. Prove that line DE passes through the centroid of 
triangle ABC. 


20, Let sy and w be circles whose centers Oy, Oz are 10 units apart and 
whose radii are 1 and 3 units. Find the locus of points Af which are the 
midpoint of some segment XY, where X € i and ¥ € 3 


21, Let w bea given circle. Points A. B, and C lie on s such that ABC is an 
acute triangle. Points X, Y, and Z are also on 0 such that AX BC 
CZL AB at F. Show that the value of 








does not depend on the choice of A, B and C. 


22, Let ABC be a triangle with ZA = 90° and ket L be n point on BC. The 
cireumneireles of the triangles ABL and ACI intersect AC and AB for 
the second time at A and N, respectively. Prove that BAI 1 CN. 


23. Triangle centers in other roles. 
Let ABC be an acute triangle. Padal triangle of a point X is the trian- 
‘le formed by the projections of X onto the triangle sides. Denote by 
1, O, H the incenter, circumoenter, and orthocenter of triangle ABC, 
respective 
(a) Prove that 7 isthe cireumoenter of its podal triangle. 

(8) Prove that O is the orthocenter ofits podal triangle. 
(6) Prove that His the incenter of its podal triangle. 
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24. Given a right triangle ABC, kt ABDE be a square erected outwards 
from its hypotenuse AB. Prove that the angle bisector of ZC bisects 
the area of the square ABDE. 


25, Let ABCD be a rhombus with a point P on the side BC and Q on the 
side CD such that BP = CQ. Prove that the centroid of the triangle 
APQ lies on the segment BD. 


20. Let ABC be n tingle, Pits Af N on is sidas AB, AC, respectively, 
satisfy 
BM _ 9, oN 
AB =? Sie 
“The ne porpendieular to AN paming through N inter side BC at 
Prete ZAPA c ZNG 


27. Let ABC be a sealene triangle and denote by D the intersection of the 
‘external angle bisector at A with line BC. Prove that 
(a) DB/DC = AB/AC. 
(b) I we define points Æ € AC and F € AB also as foet of the respec- 
tive external angle bisects, then D, E, and F are collinear. 


28, Let ABC be a scalene acute triangle. Draw points K, Ly M. N such that 
ABMN and LUCK ate congruent rectangles erected outwards from the 
triangje sides. Prove that lines AL, NK, MC are concurrent, 


29. Let ABCD be a convex quadrilateral whose diagonals intersect at right 
angle at O. Prove tha the reflections of O across lines AB. BC, CD, 
DA ate coneycic. 


30. Let ABCD be a eyclic quadrilateral and let 11, fz be the incenters of 
the triangles ABC and ABD, respectively. 


(a) Show that the quadrilateral ABE is eytic. 
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(0) Draw also fy and I, the incenters of triangles CDA and BCD, and 
rove that Ifafyfs is rectangle. 





31. Let M be the midpoint of the side BC of a triangle ABC. Point K on 
the segment AM satisfies CK = AB. Denote by L the intersection of 
(CK and AB. Prove that triangle AK L is isosceles. 


82, Let Ay, Bh, Ch be the midpoints of the ares BC, CA, AB of the cir 
triangle ABC (aot containing A, B. C, respectively) and 
let A, Ba, Cz be the tangency points of the incirde with BC, CA, AD, 


Kespectively. Prove that the lines A; A3. By, C\Cp are concurrent, 








35. Let ABC be a triangle with incenter I and A-escenter £. Purther, et M 
be the midpoint of are BC that does not contain A, and bet D = AIBC. 
Prove the following, metric identities 


(0) AD- AM = AB- AC. 
(0) AL-AB = AB- AC. 
(©) MA-ID= MI-AI. 


34. Points A and N vary over the interiors of the sides AH and AC of a 
triangle ABC so that BA/MA = AN/NC. Prove tht the cireumcireles 
of the triangles AMA pass through another fed point diferent from 
A 


35. A triangle ABC and a point D in its interior are given. Consider points 
E, F such that AFB ~ ACEA ~ GCDB, points B and E lie on 
different sides of the line AC, and points C and F lie on diferent sides 
Of AB. Prove that AEDF is parallelogram. 








| 
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36. Napoleon's? Theorem 
Let ABC be a triangle and let BCD, CAE, ABF be equilateral triangles 
erected outwards from its sides. Show that the centroids A1, B, Ch of 
‘these equilateral triangles also form an equilateral triangle, 


37. Let X be a point in the plane of triangle ABC such that 
133 4 
NA° XB'XC 


Prove that the images of points A, B, C in inversion about X form an 
‘equilateral triangle. 








88, Let ABCD be a trapezoid such that BC | AD and ZCBA = 90°, Let 
M be a point on AB satisfying ZCMD = 9P. Let AK be an altitude 
in triangle DAA and BL an altitude în triangle ABC. Prove that the 
lines AK. BL, and CD are concurrent. 


30. An angle with vertex V and a point A in its interior are given. Points 
X. Ie on the respective rays of tbe angle such that VX = VY and the 
‘sum AX + AY is the minimal possible. Prove that ZXAV = ZY AV, 


4 


Let ABC be a triangle with AB = AC. Let K, L be the points on the 
sides AB, AC. respectively, such that KL = BK + CL Let M be the 
midpoint of KL. The line through M parallel to AC intersects BC at 
N. Find the magnitude ofthe angle KNL. 





A. Let ABC be a triangle and D the point of contact of the incirele w with 
BC. Let DX be a diameter of = Show that if ZBXC = 90°, then 
Wto. 








— — — chose 
1 win hs ame in mach om petal mae 
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46. 


a. 


2. Given a triangle ABC with cecumeenter O, orthocenter H, and circum- 


radius R, prove that OH < SR. 


Circles sse, «as ane internally tangent to a circle sz at distinct points A, B, 
respectively. Moreover, they are tangent to each other at T. Denote by 
P the second intersection of AT and w. Show that BP is perpendicular 
to BT, 


Let ABC be an scute-anged triangle with orthocenter H. Let A, B,C? 
be the images of A, B, C, respectively, under inversion about H. Prove 
that H is the incenter What happens if triangle ABC 
is obtuse? 


Cireles siu, ay are internally tangent to circle wat distinct points A, D, 
respectively: Moreover, they are tangent to each other at 7. Denote by 
P any jntersetion of and their common tangent through T. Let the 
lines PA, PB intersect sy for the second time at X, Y, respectively. 
‘Show that XY is a common tangent of sy and s 


Let ABC be a triangle and D the foot of the altitude from A. Let E 
and F lie on a line passing through D such that AE is perpendicular to 
BE, AF is perpendicular to CF, and E and F are diferent from D. Let 
M and N be the midpoints of the segments BC and EF, respectively. 
Prove that AN is perpendicular to NA. 


Four distinct points P, Q. R. and S are given in plane, such that PORS 
is not a parallelogram. Find the locus of centers O of rectangles whose 
sidelines AB. BC. CD, and DA pass through P, Q. R, and $. respec 
tively 


Let os be a circle, BC its five chord, and A a variabile point on its major 
are BC. Let M be the point on the segment AB such that AM = 2M B 
and let K be the projection of A oto AC. Show that point K moves 
‘long a crcalar are. 





2. Introductory Problems s 





49. In triangle ABC the line isogonal to the median is called the symmadion. 
Leta be the cicumeitee of triangle ABC. 
(a) If LA 4 90° denote by T the intersection of tangents to w at points 
B and C. Prove that line AT ithe A-symmedian in triangle ABC. 
(b) Let the A-symmodian in triangle ABC meet w for the second time 
at S. Prove that 
BS-AC = CS- AB. 


30. Let A, B, C and D be distinct points in the plane not tying on one 
‘rele Each set of throe points ès iverted with respect to the fourth 
point. Show that the resulting four triangles are mutually sina, 


t. Quadrilateral with esrb circle. 
Circle is imeribed in angle EAF and is tangent to AE at B and to AP 
at F. On the segments AE and AF choose points B and D, respectively. 
Lat the tangents from B and D tos (distinct rom AE and AF) nterect 
at C. Show that: 

(a) AB 4+ BC =CD4 DA 
(b) The incre af triangles ABD and BCD touch BD at symmetric 
points with respect to the midpoint of BD. 


52, Triangle ABC is inscribed in circle w with radius R centered at O. 
Lat, 1 be, the incenter of triangle ABC and r its inradius. Prove that 
OP = Rè = 2k. 


5. Customizing inversion, 


(a) Let a be a ciel and J point outside of it. Prove that there exists 
circle í with center J such that w is preserved in inversion about 

(0) Let yay be three circles with non-collinear centers, ench out- 
ide of the other. Prove that there exists a circle # sich that inver- 
sion about i preserves wn, sn, and ass. 


Chapter 3 


Advanced Problems 


fa neute triangle ABC let E. F be the points of contact of the incite 
With the sidos AB, AC, respectively, and let L and M be the fet of Ht 
fd Cealtitudes, Show that the inowwter 1" of triangle ALAT coincides 
With the orthoceater H of triangle AEP. 


— — 


tions of the respective angle bisetors with the eppinite sides BC, CA, 
AB. Find ZEDF. 


a E —— 
U a i 
—* 








— at ABC be an semeangied triangle with ZA = G and AH > AC: 








at boa its Incemer. 
HAJTE H is the orthocenter of triangle ABC, prove that 


zean 





aen. 


ATEAN tbe midpoint of AT, prove thit Af lies om the nine pit eee! 
—E 
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— ABCD inscribed in a circle w contains jts center O in its 
, intern, Let r and » be the Ries obtained by vefecting AB with respet 
to the internal bisector of ZCAD and CBD, respectively. IP the 

Imeretion of rand» prove that OP i perpendicular w CD. 


| WAA A be the fot of perpendicular rm vertex Bf ofthe angle ABC 

| VAB ACh sth sage ener el LA. 

(OCA M, P be the midpoints of AB, BC, rexpectively. Prove that 

| isa Me 

| ATA D, E be the pots of contact of the ioctl with siden BC, 
O. ropa Pree in X tx to ges DE: 





T. Let BK and CL be angle biseetors in an acute triangle ABC with ineen- 
ter 7 (K lies on the sile AC L is vm the side AB). The perpendicular 
bisector of LC interaets the line BK at point M. Point lies on the 

| line CL sucha that NK be parallel to LAV. Prove that NAC = NB. 





5. Checles asy, wy with radii Ry and Ay ae internally tangent at (with 
o inside wss). Let K be am arbitrary paimt on asy. The tangent to ay at 
K intersects wp at A and B. Let M be the midpoint of the are AZ of 
y wot containing point N. Prove thatthe cireumradins A of triangle 
KBM does nat depend om the cice of K. 


9. The external common tangent of the circles Ty, 3 with centers Oy, Os i 
tangent to them at distinet points Ay. As, respertively. The irele wit 
— Ay Az meets T, Ti fr the seeond time at D, Bas respectively. 
Pree that the tines fy, By Ap and O,Oe are concurrent 








10. A cinde passing through the vertex A of a parallelogram ABCD in- 
terseets the segments AB, AC, AD for the second time at P, Q. I 
respectively. Prove that 


AP- AB + AR-AD= AQ-AC. 





3. Advanced Problems © 





11. Triangle ABC with incenter I and D = AIO BC satisfies b4 c = 2a, 
Show that: 


(a) GT || BC, where G is the centroid of triangle ABC. 
(b) ZOLA = 90, where O is the ciccumcentr of triangle ABC. 


(©) Let E and F be the midpoints of AB and AC, respectively. Then 
isthe circumcenter of triangle DEF. 


12. Points B, D, and C are collinear in this order and BD ¥ DC. Find the 
Jocus of points X such that 2BXD = ZDXC- 


13. Let ABC be a triangle and P a variabile point on the are AB of its 
ireumeircle w not containing point C. Let X, ¥ be the points on the 
rays BP, CP such that BX = AB and CY = AC, respectively. Prove 
that all such tines XY pass through a fied point independent of the 
chole of P. 


14. Four circles w, stas isp, ate with tle samme radius are drawn in the interior 
of triangle ABC such that siu is tagno to the sidos AZ and AC, sa t0 
BC and BA, ie to CA and CB. and w is externally tangent t0 Sh 
fant HE the side lengths of triangle ABC ae 13, 14, and 15, determine 
the radins ofa 


15, Broken circle. 


(a) Point P inside a parallelogram ABCD satisies BPC 4+ ZDPA = 
180. Prove that ZCBP = ZPDC. 

(b) Let ABCD be a trapezoid with AB | CD and AB > CD. Points 
K and L lie on the line segments AB and CD, respectively, such 
that $i = PÉ. Suppose that there are points P and Q on the lime 
segment KL satisfying LAPB — ZDCB and ZCQD = ZCBA. 
Prove that the points P, Q. B. and C are eoneyelic. 


5. Solutions to Advanced Problems 165 





40. [Mathematical Reflections, Michal Rolinek] In acute scalene triangle 
ABC with orthocenter H, denote by a’, 6°, and y the magnitudes of 
— 180° = ZA, 180° ~ ZB, and 180° ~ ZC, respectively. Points Hy, 
Hs, and H in the interior of triangle ABC satisfy 


4BUC = æ, CHA = Y, LAHB = P, 
ZCHA = 8. ZANB = œ. ZBI = Y, 
ZAHB = Y, BHC = 8. CHA = of. 


Prove that the points A, Hu, My, Me are coueycic, 


First Proof Let's first focus on point Ma and fnd out more about it- 
First of all, since ZBHQC = 180 ~ 2A = ZBHC (recall basic angles in 
‘triangle from Proposition 1.35(c)), points B, C, Ma, and H ie on one 
circle and we may assume they liz on the circle in this order. Next, we 
mote that we can angle-chase the magnitude of ZAHM. Indeed, 


ZAHM = ZAMB ~ LHH B = (180 — 2B) ~ HCB = 9", 
—— 

Although some could be satisfied with what we know about the point 

Hy, we will continue our investigation. 


4 





Dr 
For notational purposes, let X,Y € BC, such that points X, B, C, Y, 
lie on the line BC in this order. Since we have 

AHB = ZABX smd CHA = YCA. 
we infer that the line BC is tangent to the cireumeireles of both triangle 
— and triangle AHC- But then the radical axis AH of the two 
‘iecls intersects the common tangent BC at point M for which 


ME = MH, -MA = MC?, 





implying that AH, is the median in triangle ABC. 
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16, Let ABC be an isosceles triangle with base BC. Let P be a point 
inside the tangle ABC puch that ZCBP = ZACP. Denote by M the 
midpoint of the base BC. Show that BPM + ZCPA = I8. 


17. Let ABC be a nom-right triangle with orthocenter H and cireumecircle 


(a) Let P be'a point om. Prove that the reflections of P over the ides 
ofthe triangle ABC are collinear with H. Deuce that Simson line? 
WE P with respect to triangle ABC bisects the segment PH- 

(b) Let £ be a line passing through A and denote by Cay ty fe its 
relletions over the respective sides of the triangle ABC. Prove 
that Ce fe pass through a common point on is. 


1% Circles aig, 9 are externally tangent at T and their common external 
tangent € is tangent to them at A, B, respectively. Let w be a circle 
inscribed in the curvilinear triangle ABT and denote by O its center 
and by r its radius. Prove that OT < 3r. 


19, Let ABC be a triangle imseribesd in circle w and denote by R r ra, Ph 
— its eireumradinns, tradi, and the respective extn 
(a) Denote by AF the midpoint of the side BC and by N the midpoint 
of ate BC of containing vertex A. Prove that 


a=! 





rat ra. 


2 


(8) Prove that 
ninsretRir 

(6) Let D, E. F be the midpoints of ares BC, CA, AB of w not con- 

taining vertices A, B, C. respectively. Prove that the perimeter of 
the hexagon APBDCE is at least 40+) 





"ioscan se Propntion LA 


3. Advanced Problems a 





20, Circles isy, ton, andy are given in the plane, every one outside the others, 
Circle w is tangent to them externally at A, A2. As, respectively, and 
tangent to them internally at B, Ba, B, respectively. Prove 

that lines Ay, 4282, and ABs are concurrent. 





21, Points K, L on the side BC of a triangle ABC satisfy ZBAK 
LCAL <}ZA. Let an be any ciecie tangent to the lines AB and AL, 
Jet is be any circle tangent tothe lines AC and AK, and suppose that 
oy and ioy intersect at P and Q. Prove that ZPAC = ZQAB. 


22, An acute-angled triangle ABC is given- A circle passing through A and 
the triangle’s cireumoenter O intersets AB and AC at points P and Q. 
respectively. Prove that the orthocenter of the triangle POQ hes on the 
line BC. 


28. Let O be the ciecumeenter of a triangle ABC. Points M and N are 
chosen on the sides AH and AC, respectively, so that ZNOM = ŻA. 
Prove that the perimeter of triangle AAN is mot lew than the length of 
the side BC. 


24. Let ABC be n senlene triangle with orthocenter Hand incenter J. Line 
bs perpendicular to the bisector of ZA and passes through the mid- 
Point of BC. Lines (s and (e are defined analogously. Show that 
ireumcenter O; of triangle formes by these lines is on the line 1, 





25, Let sty, i be two circles that are externally tangent at T and internally 
tangent tocirele s at A, B, respectively. Let S be one of the intersections 
of the common tangent of sie, isy at T with s. Line AS intersects is 
anin at C and BS intersects oa ngain at D. Line AB intersects again 
at E and as again at F. Prove that lines ST. CE. DF are concurrent. 


26. Shortest paths. 


(a) Let £ be a line and A, B tio points om the same side of it. For 
what point L € £ is AL + LB minimal? 








107 Geometry Problems 





a 


(b) Let ABC be an acateangled triangle. Among all the triangles 
DEF with vertices D, E, F on the sides BC, CA, AB, respectively, 
one has minimal perimeter. Find which one. 





Circles oy, oe insribed in a given circular sector with endpoints A, 8 
are externally tangent at T. Denote by £ their common intemal tangent. 


(9) Prove that € pases through a fixed point independent of the posi- 
tion of 1,42 

(b) Let C be the intersection of € with are AB. Prove that T is the 
Incenter of triangle ABC. 


Let ABCD be a fixed convex quadrilateral with BC = DA and BC not 
parallel to DA. Let two variable points Æ and F lie on the sidos BC and 
DA, respectively, snd misty BE = DF. The lines AC md BD meet 
at P, the lines BD and EF moet at Q. the lines EF and AC meet at 
R. Prove that the cireumcireles of the triangles PQR. as E and F vary, 
have a common point other than P. 





Let ABCD be a quadrilateral inscribed in a semicircle w with diameter 
AB and center O. Lines CD and AB intersect at M. Let K be the 
‘Second point of intersection of the circumcireles of triangles AOD and 
BOC. Prove that ZMKO =P. 





Let AB be a segment and C its midpoint. Circles which passes through 
A and C intersects cirele u which pases through B and C at two 
— points C and D. Point P isthe midpoint of are AD of circle 
ly which does not contain C. Similarly. point Q is the midpoint of are 
BD of circle w which does not contain C. Prove that PQ 1 CD. 





3. Advanced Problems a 





(a) Show that the mirror images Hof H over the A-angle bisector run 
along a ciecie. 

(b) Show that the projections X of Hon the A-angle bisector also run 
along a circle. 


32. In acute triangle ABC inscribed in circle ws, let A' be the projection of 
A onto BC and B, C the projections of A onto AC, AB, respectively. 
Line BFC intersects w at X and Y and line AA intersects w for the 
second time at D. Prove that A is the incenter of triangle XY D. 


48. Given a triangle ABC, let By, By, and Cy, Cy be points on the sides ABE 
fant AC, respectively, much that BE,/BB, = CC /CC3. Prove that the 
— of triangles ABC, and ABC» are collinear. 








34. Let ABC be a seslene triangle. The angle bisector af A intersects the 
side BC st D and the cireumeirele 2 of triangle ABC at A ail E. 
Circle os with diameter DE oms N again at F. Prove that AF is the 
symmodian? of triangle ABC. 


35. Let ABC be a triangle, lt K be the midpoint of the side AB and 
L the midpoint of the side AC. Let P be the second intersection of 
the eireumeireles of triangles ABL and AKC. Lat Q be the second 
intersection of AP and the circumeircle of triangle AKL. Prove that 
2AP = 34Q. 


36. An angle of fixed! magnitude y revolves about its fixed vertex A and 
meets a fixed line £ at points B and C. Prove that the circumeirches of 
triangles ABC are all tangent to a fixed cire. 


Sie apni sx Iter Pre 8. 


u 
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7. Let ABC be a triangle and denote its ciroumcircle centered at O by 


is Points Af and N Be on the sides AB and AC, respectively. The 

ircumcicle of triangle AMN intersects « for the second time a Q. Let 
P be the intersection point of ALN’ and BC. Prove that PQ is tangent 
tow if and only if OM = ON. 





Let ABCD be a cyclic quadrilateral. The projections of the intersection 
of its diagonals P to theses AB and CD are E, F, respectively. Show 
that the line EF is perpendicular to the line through the midpoints K 
and L of the sides of BC and DA, respectively 


Given a triangle ABC with incenter I and cireumeircle Pet AT intersect 
F again at D. Let E be a point on the are BDC, and F a point on 
the segment BC, such that ZBAF = ZEAC < JZBAC. IG is the 
midpoint of 1, prove that lines £7 and DG intersect on F. 


pombe value 





Let ABCDE be a regular pentagon. Find the mini 
i PA+PB 

FC PDs PE 
here P is any point in the piane. 








Let ABC be an Aisoeees triangle inscribed in circle ©. Arbitrary 
les a, se inscribed in the minor circular segments AC, AB of f 
fare tangent to 2 at BF, C', respectively. One of the common external 
tangents of us and ais intersecta the sides AC, AB at P, Q. respectively. 
Prove that lines BYP and C'Q intersect on the angle bisector of ZBAC. 





Let ABC be a triangle and let ce be its incitcle. Denote by Dy and Ey 
the points where w is tangent to the sides BC and AC, respective 
Denote by Dz and Ez the points on sides BC and AC, respectively, 
such that CD; = BD; and CE; = AB}, and denote by P the point 
Of intersection of segments AD and BEz. Circle o intersects segment 
‘ADs at two points, the closer of which to the vertex A is denoted by Q. 
Prove that AQ = DP. S 








3. Advanced Problems 3 





43. Let ABC be an acute, scalene triangle, and let M, N, and P be the mid- 
points of BC, CA, and AB, respectively. Let the perpendicular bisectors 
(of AB and AC intersect ray AA in points D and E, respectively, and 
let lines BD and CE interact in point F, inside triangle ABC. Prove 
that points A, N, F, and P all lie on ome circle. 


44. Let MN be a line parallel to the side BC of a triangle ABC, with M 
‘on the side AB and N on the side AC. The lines BN and CA meet 
mt point P. The cireumciecles of triangles BAP and CNP meet at two 
distinct points P and Q. Prove that ZBAQ = ZCAP. 


45. Let ABCDEF be a convex hexagon such that ZB + 2D + ZF = 300° 


* ab cD EF, 
ie be FA 

es Beare c 
oa BF DB 


46. In acute scalene triangle ABC with orthocenter I, denote by a, ', 
tnd 7 the magnitudes of angles 180° ~ ZA, 180° — ZB, and 180" ~ ZC, 
respectively. Points Hy, Hs. and He in the iterioe of triangle ABC 
satay 

LBUC = œ, LOMA = Y, LAB = 8, 
“CHA = S. ZAMB = a, BHC = Y, 
ZANB = Y. BHC = #, CHA = o. 


Prove that the points M, Ma, Hy, Me are coneyelic. 





47. Let ABC be an acute-anged triangle with AB # AC. Let H be the 
orthocenter of triangle ABC, and let Af be the midpoint of the side BC. 
Let D be a point on the side AB and E a point on the side AC such 
that AE = AD and the points D. H. E lie on the same line. Prove that 
the line HA is perpendicular to the common chord of the cireumseribed 
— of the triangles ABC and ADE. 
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48. Let ABCD be a cyclic quadrilateral. Draw all exenters of triangles 
ABC, BCD, CDA, and DAB. Show that these twelve points ie on the 
Perimeter of a rectangle. 


49. Let ABC be a triangle, Hits orthocenter, O its cireumoenter, and R its 
— Let D be the reflection of the point A across the line BC, 
let E be the reflection of the point B across the line CA, and ket F be 
the reflection of the point C across the line AB. Prove that the pois 
D, E and F are collinear and only if OH = 2R- 


50, Points An, B, Cy are chosen om the sides BC, CA, AB of a triam 
ie ABC, respectively. The circumeicles of triangles ACi, BCA, 
CA Dh intersect the cireumeiecle w of triangle ABC for the second time 
at points Aa, By, Ca, respectively. Points As, Bs, Cs are symmetric to 
An Br, C, with respect to the midpoims of the sides BC, CA, Al 
respectively. Prove that the triangles 4287C; and A3 B3C3 are similar, 








51. The incirele w of the acuteangled triangle ABC is tangent to its side 
BC at a point K. Let AD be an sltitude of triangle A 
its midpoint. IEA is the common point of the circle w and 
(distinct from K). then prove that the icicle w and the cireumcirele w 
of triangle BCN are tangent to sach otber at the point N. 








52. Let ABC be a triangle inscribe in the circle w. Point D is chosen on the 
side BC. Circle ur is tangent to the segment BD at K, to the segment 
AD at L and to i at T. Prove that the line KL passes through the 
incenter I of the triangle ABC. 


53. Let ABCD be a convex quadrilateral with BA diferent from BC. De- 
note the incireles of triangles ABC and ADC by s and wp, respectively. 
Suppose that there exists a circle « tangent to ray BA beyond A and to 
the ray BC beyond C, which is also tangent to the lines AD and CD. 
Prove that the common external tangents tow and ay intersect on ts- 


| Chapter 4 


Solutions to Introductory 
Problems 


1. [Sharygin Geometry Olympiad 2007] Determine om which se is the 
driver's sent in the car depicted in the figure. 





Proof. ‘Taking the positions of the rear-view mirrors into account, the 
driver's seat is certainly om the right! 
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2. In right triangle ABC with kypotemse BC let D be the foot of altitude 
from A. Show that 


BD-DC=D#, BD-BC=BA, mà CD-CB=CA. 
First Proof. We claim that the throe right triangles ABC, DBA, and 
DAC are pairwise similar. Indeed, since 

4DBA=% ~ ZACD = ZDAC, 


al the similarities follow (AA). 


From ABDA ~ AADC, we learn that BD/DA = DA/DC which 
— as BD- DC = DA? 


* * 


And ABDA ~ ABAC siekls BD/BA = BA/BC which proves the 
‘second elation. The third one is proved analogously 


Second Proof. Since ZBAC is right, BC is a diameter of the circum- 
circle of triangle ABC. Hence the second point where AD meets this 
— is the reflection A of A across BC amd DA = DA. Hence 
the first equality is just the power of D with respect to the cireumeirele 
of triangle ABC. 





¶ Solutions to Introductory Problems 2 





Similarly; the third isthe power of C with respect to the circumcirele of 
p triangle ABD. 


3. Parallelogram ABCD is given. The bisetors of A and <B meet at E 
‘om = 24D. 


First Proof. Fist, since the lines AD and BC are parallel, the angle 
— of the supplementary angles DAB and ABC are perpendicular. 
Indeed. 


2 
H 
À 
è 
5 
Š 
' 





Aaah nl ut, ing heft ht es AB ad ot ae 
| Ey 
CDEA« CEA = $A CAB 
plying that ange DAE Dame and DE = AD. evn we 
PEO HC analy my coc 


AB = DC = DE + EC = AD + BC =24D. 





Second Proof. Let line through Æ parallel to AD and BC intersect 
AB at M. Both AMED and MBCE are then parallelogram in which 
a diagonal coincides with the angle bisector so they are in fact rhombi. 





Since the rhombi share a side they are congruent and AB = 2AD. Also, 
ME = MA — MB implies that A is the cireumoenter of triangle ABE 
and hence LAEB = 90. 
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4. Let AB be a fixed segment and d > 0. Find the locus of the centers O 
of parallelograms ABCD with BC = d- 


Solution. Since BC = d is fixed, the Jocus of vertices C of all such 
paralelograms is a circle with center B and radius d (without its two 
Intersections with the line AB). 

Now it suffices to realize that point O, being the center of the paral: 
Ielogram ABCD, is the midpoint of the diagonal AC. Denoting the 
midpoint of AB by Af and considering the homothety with center A 
‘and factor } we therefore obtain that as C runs along ws, point O traces 
A cieche with center A and radius} 





a 


‘The sought-after boeus isthe circle with center Mf and radius }d without 
its two intersections with the line AB. 


5. Through a fixed point O which is midway’ between two parallel lines we 

draw variable line which intersects the parallel lines at points X, Y, 
renpectively. Find the locus of points Z sich that the triangle XYZ i 
‘equilateral. 
Solution. Since O lies midway between the two parallel lines, i is the 
‘midpoint of the segment XY and all the triangles XOZ have the sarme 
shape “30.60.00 
triangle. Point Z is thas the image of X in spiral similarity S with fixed 
center O, factor V3, and angle 29. 


9 
z 











a a 


As X runs along one ofthe parallel lines, the locus af Z consists of its 
image(s) in S, Le- a pair of lines perpendicular to the given ones and 
with distance from point O multiplied by V3. 





¶ Solutions to Introductory Probiems si 





6. Convex quadrilateral ABCD is cut by lines connecting midipoints of its 
opposite sides into four pices. Show the pieces may be rearranged to 
form a parallelogram. 


Proof. Denote the midpoints of the sides AB, BC, CD, DA by K, 
L, M, N, respectively, and the pieces by vertices A, B, C, D by A, B, 
C, D, respectively. We rearrange them imo a paraliclogram with sides 
parallel to KAF and LN. 














First we interchange the piecos B and D, then we rotate each of the 
pieces A and C by 180°, and finally we glue all the four pieces together 
by one common vertex. 


mmp ~ 
7 y 
EG LZY 

To make sure that such operation produces a parallelogram, observe 
Treen gn res pate e 
—— aag 1o Zap tb or AD oa 
Mn pa y hn pa aas 8 an 
maa a aml mo nec ne mae 


is thus a quadrilateral with pairs of opposite sides parallel to KAM and 
LN, respectively, ie. a parallelogram. 





7. Points D. E vary on the side BC of a triangle ABC such that BD = CE. 
Denote by A the midpoint of AD. Prove that all lines ME pass through 
a Bied point. 


First Proof. As D rans along the side BC, the midpoint M of AD 
aces the image of the side BC in homothety H(A. } 
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Cı Bı. Furthermore, 
BD _ CE 

MB, ~ DC“ EB 
50 the points M and Æ run along segments C318, and CB in the same 
relative” speed but in opposite directions. 
Since C, | CB, there exists a negative homotbety (centered at G = 
BB; CC.) which maps B,C; to BC. From CM/MB, = CE/EB we 
infer that such bomothety also maps Af to Æ. Hence all the lines AE 
pass through G. 


Second Proof. Let N be the common midpoint of segments DE and 
BC. Then the centroid G of triangle ABC isthe point two-thirds of the 
way from A to N and hence is alo the centroid of triangle ADE. Hence 
G hes on segment. EAI since W in'n median of triangle ADE. Thus G is 
the desired Bod point. 

Third Proof. Denote by N the midpoint of the side BC and by X the 
intersection of Af E and the A-mmedian A. 











Theorem in triangle ADE for collinear points A. X, E yields 
Nx 





Since the ratio NX/XA does wot depend on the choice of D and E. 
point X is the desired xe point (note that X lies on the line ATE even 
IED = N and the triangle ADN degenerates). 
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(8. Show that the composition of two point reflections (Le. performing one 
‘after the other) with distinct centers O, and Op results in a translation. 


Proof. Let A be an arbitrary point, A' its reflection about O;, and A" 
the reflection of A” about Oz- 

Note that O1, Oz are the midpoints of the segments AA', A'A”, respec: 
tively. M point A does mot Be on the lie 010s, the segment OyO, is a 
midline in triangle AMA”. Hence AA” is parallel to and twice as long 
Oe Ia other wonde poiat A” ie tbe Image of A in ration by 
2 





ene nO 
— — 


‘The lows interesting case whew A lies on the line OO is treated using 
directed segments. Details are eft to the reader 


9, tn neue triangle ABC let A, By, C, be the midpolnts of the respective 
sides and Ay, Bo, Co the feet of respective altitudes. Prove that the 
length of the closed broken line An PCy BC As equals the perimeter 
‘of triangle ABC. 


Proof. We draw the ahitudes HB. CC 
side BC only 











and the midpoint Ay of the 





Since both ZBCiC and ZBByC ate ight, points By and Co lie on a 
with diameter BC. The center of this circle is precisely Ay, its 
radius equals BC. and thas 





antam ines be = we 
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1. 


n 


Likewise we learn AaB + BiCo 
est follows. 





"A and ByCy + C1 Ao = AB onl the 


Fined circles wo of distinct radii are exterally tangent at T. Consider 
all pairs of points A € ay, B € ay such that LATIB = 90°, Show that 
fil such ines AB pass through fixed point. 


Proof. Let TU, TV be diameters of the circles w, wa, respectively. 
Then ZUAT = TBV = 90, so UA | TB, AT | BV., and the triangles 
UAT and TBV bave the corresponding sides parallel. Since UT and TV 
have dierent length, the triangles are bomothetie and thus all the lines 
AB passes through the ceuter of positive homothety between UT and 
TV (which coincides with the center H of positive homothety between 
oy and). 








Let ABC be a triangle. Denote by Af, 
BC. CA, AB, respectively, and by J K L the incentens of the triangles 
APN, BMP. CNM, respectively. 


(0) Prove that AJKE ~ SABC: 





(O) Prove that lines JM, KN, and LP are concurrent on the line 1G, 


where 1 and G are the incenter and the centroid of triangle ABC, 
respectively, 


Proof. 


(a) The midlines cut triangle AIBC int four pairwise congruent trinn- 
hs APN. PEM, NMC, and MNP which all have the orientation 
Gf triangle ABC. I suffices to show that triangle JKL also has this 
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KL connects corresponding points and thus it is equal and parallel 
to PN. After performing analogous arguments for other pairs of 


Looking at triangles CNM and BMP we sce that the segment 
triangles we indeed earn IKE ~ SABC. 





(0) Prom part (a) we have AJKE ~ AABC ~ AMAP all with corre- 
sponding sides parallel The lies are thus concurrent at the center 
1X of homothety (which in this eae is just point reflection) which 
takos triangle JKL to triangle MAP (see Proposition 1.28(b)). 





For the final part. we intend 10 compone homotheties. First, note 
that AJ, BK, CL are angle bisectors in triangle ABC and thus are 
concurrent at P. Therefore positive homothety which takes trian- 
We JKL to triangle ABC is centered at 1 amd negative homothety 
which takes triangle ABC to triangle MN P is conteed at G (with 
factor — $). I follows that their composition is the negative bomo- 
thety which sends triangle JA'L to triangle AAP ceutered at X, 
henee 1. G. and X are collinear (see Lemma 1-31). 
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12. Let ABC be a triangle with AB < AC. Denote by Ao the foot of its 
by D the point of contact of the icicle with the side BC, 
by K the intenection of BC with the angle bisector of 2A, and finally 
by M the midpoint of BC. Prove that points As, D, KM ate mutually 
ferent and ke on the line BC in this order. 


Proof. Note that the points Ao, D, K, Mf are the projections onto 
BC of A, I,K, S. respectively, where I denotes the incenter of triangle 
ABC anit $ the midpoint of are BC of its circumeircle not containing 
vertex A (sce Proposition 1.38(6)). 











Since the points A. 1, K and S lie on the A-angle bisector in this order 
rand are clearly mutualiy dierent, their projections are also distinct ax 
— unless the A-angle bisector was perpendicular to BC. But this 
Is obviously not the case as then AS would be the perpendicular bisector 
(OC BC an thas we would have AB = AC. 


AR. Let o be a fixed circle with center at O and radius R and let A be a 
Fixed point outside the circle. Point X varies on w s that A, O, and X 
are not collinear. Find the ocus of the intersections Y of AX with the 
angle bisector of ZAOX, 

Solution. From the Angle Bissctor Theorem, we learn that 
aR E 
W TOA ~ 0a" 
‘which is feed. Ths also 
at 4,47 


way 














is fixed and we can say that point Y is the image of Xin fixed homothety 
with center A and factor AY/AX. Therefore, it travels along a circle 
1s! which is the image of w in this homothety attaining all admissible 
positions ie, staying off the line OA- 
Remark. The reader is encouraged to verify that O € «7 although it 
is not part of the sought-after locus. 


14. A variable point X runs along a semicircle w with diameter AB (XA, 
Xf B). Let Y be such point on the ray XA that XY = XB. Find the 
locus of points Y. 


Solution. Triangle XB is nce and right, therefore ¥ is the image 
‘of X in spiral similarity SUB, V2. +45). The oeus is thas the image 
‘of w (excluding points A and B) in this spiral similarity. To be more 
specific, it isthe semicircle (without its endpoints) with one endpoint at 
Band the midpoint at A 





15. A variable regular hexagon ABCDEF has fixed point A and its center 
O is moving along a given line. Prove that the remaining five vertices 
‘also describe straight lines amd that these ines are concurrent 
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Proof: As the shape of ABCDEF i fixed, points B, C, D, E, and F 
are images of O in fixed spiral similarities (possibly degenerate into rota- 
tions or homotheties) centered at A. For example S(A, 26, (OA, AE)) 
(wbich can be simplified as S(A, V3, +30 )) sends O to É, and the others 
‘would be found similarly. Therefore the remaining five vertices indeed 
derib straight ines 





f 
Now consider two positions of the hexagon ABCDEF with cente 
ABCDE F" with center O’. Being familiar with spiral similarity, we 
recall that lines B2, CC", DIY. EE and PE" all pars through the sec- 
‘ond intersection X of the cireumeirckos of ABCDEF and ABC'D' EF” 
(sce Proposition 148(a)). But since both circles are symmetric with re- 
spect to line OOF. point X is just a reflection of A over this line and 
therefore ix independent of the choice of hexagons. 





O anl 











16. Let ABCD be a cyetic quadrilateral and let Ha, He be the orthocenters 
of the triangles ABC and ABD, respectively. 
(a) Show that points A. 2, Ha, He lie on a single circle. 
(b) Draw abso Ha and He, the orthocenters of triangles BCD and CDA, 
and prove that ABCD is congruent to Ha Halll 
Proof. 


(a) The images Hy and Hof Hy and H under reflection in line AB lie 
‘on the circumeirele of ABCD (sre Proposition 136). But then 
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the image a of «s in the same reflection contains points A, B, He, 
and He so they are apparently coneyeic. 





A 


(b) We shall only prove that CD Helle and CD = Hatt, sinc if in 
two quadrilateral the corresponding sides are parallel and eal, 
‘the quadrilaterals are congruent. 

We work again with the reflections A4 and A! and focus on the 
strip between parallel Kines DH, nnd CHa. 





Observe that both DC and He Hy are reflections of HEH, across 
1 line parallel to AB (which in the frst case is a diameter of w 
parallel to AB). Therefore, they are equal and as they are both 
‘antiparallel with HZH with respect to line AB, they are parallel 
themseives. We are done. 





[China Giris 2012} Let D and E be the points of contact of the incircle 
of triangle ABC with its sides AB and AC. respectively. Also, let X 
be the circumcenter of triangle BIC, where 1 is the incenter of triangle 
ABC. Show that 2X DB = ZXEC. 
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is. 





Proof: Recall that the cireumeenter of BIC is the midpoint of are BC of 
the cicumeirele of triangle BIC (see Proposition 1-38(b)). In particular, 
ities on AT so let us draw it vertically. As AD = AE, the quadrilateral 
ADXE is symmetrie about AT and the conclusion follows since 2X DB 
And ZX EC correspond in this symmetry. 


Let ABC be a senlene acute-angled triangle with orthocenter H. Show 
that the Euler lines! of triangles BHC, CHA, AHB intersect at one 
point om the Euler line of triangle ABC. 


First Proof. We lok at triangle BHC and recall that its orthocenter 
| A and that its cireumncirele i symmetric with the one of triangle ABC 
(see Proposition 1.3544), therefore the cireumeenter O of triangle BUC 
isthe rection of O (the cireumoenter of triangle ADC) acros BC. 


Wie will prove that AO? intersects the Buler line OH of triangle ABC 





OG and 2-GX = GO (centroid divides the median in rato 2 1). Hence 
all our Euler lines pass through X. 

Second Proof. Take a good look at the nie point circles (see Theorem 
137) of triangles BHC, CHA, AHB and observe that they in fact all 
coincide with the nine-point circle of triangle ABC (if in trouble see also 
Proposition 1.34). Thus, all four Euler lines pass through the common 
center Os 








erare Rae 


a 








19, [based on IMO shortlist 2011] Let ABC be a triangle and D the foot of 
its altitude, The line through A parallel to BC intersects the circum- 
itche w of triangle ABC for the seeond time at Æ. Prove that line DE 
paes through the centroid of triangle ABC. 

Proof. Denote by A the midpoint of BC and by X the iatersetion of 
AM nnd DE: M sufico to prove that MX XA = 1:2. From similar 
— MXD and AXE we have 


MX _ DM 





Where the latter inden equals since the eyelie trapezoid BCEA is 
komeke and therefore symmetrie with respect to the prrpendicular bi 
sector of BC. 





20, [Putnam 1996] Let wy and ay be circles whose centers Oi, Oz are 10 
tits apart and whose radii are 1 amd 3 unite, Find tbe locus of points 
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a. 


M which are the midpoints of some segment XY, where X € o and 
Yew. 

Solution. First, fx a point Y on s». The midpoints of XY, where 
AX € o, fom a circle which is the image of oy in homothety HY) 
‘Therefore its radius is J and its center is the midpoint of YO}. 

Now as Y varies, the midpoints of YO, move along a circle «$ which is 
the image of in homothety W (Oy 4). The radius of u in thus $ and 
its center is the midpoint of 0103- 





Altogether, we sew that the locus of all possible midpoints of XY is 
Annular region centered at the midpoint AV of 0,0; with inner radius 
He J = Vand outer radius } +} = 2. 


[USAMITS 2005) Let a bea given circle. Points A, B, and C te on w 
Such that ABC is an acute triangle. Points X, Y, and Z are also on w 
sel that AX LBC at D, BY 1 AC m E, snd ČZ L AB at F, Show 
that the value of 





Proof. The ies AX, BY, and CZ are altitudes in triangle ABC 
— 
Moreover, X. Y, amd ar the image of wader ection about 
BO: CA. AB, mspectively (e Proposition 130) amd we can rentie 
the raios — 
AX |, PX |, DU 
A i 
— — — 


AX BY , CZ _ ,, (BHC) +|CHA]+ AHB) 


aD * BE* CE — 


—* 
oe 











| 
| 








‘where in tho last equality we have wie that H lies inside (acute) triangle 
ABC. 


Let ABC be a triangle with ZA = 90° and ket L; be a point on BC. The 
— of the triangles ABL and ACL interact AC and AB for 
the second time at AF and N, respectively. Prove that BAF LCN. 
First Proof. Lines BA and CN do not have much in common but 
‘thanks to two eyelie quadrilateral they both form a convenient angle 
with BC. There are more configurations posible but either way the 
ange-chasing 


MBC 4 LBCN = CAL + ZBAL = 9 


implies that BAF LC: 





Second Proof. Given a right angle and circles, there are always more 
right angles hidden. In our case ZBLM = ZBAM = 90° and ZCLN 
ZCAN = 00. Hence the points L, M, N are collinear and NE 1 BC- 
Now what is M with respect to triangle NBC? It is the intersection 
of two altitudes (namely TA and NL), = i is the orthocenter and 
BM 1 CN too. 
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23, Triangle centers in other roles. 
Let ABC be an acute triangle. Pedal triangle of a point X is the trian- 
je formed by the projections of X onto the triangle sides. Denote by 
1, O, H the incenter, circumcenter, and orthocenter of triangle ABC, 
respectively 
(0) Prove that 1 is the crcumoenter of its podal triangle, 

Cb) Prove that O is the orthocenter of its posal triangle. 
(6) Prove that H is the incenter of its podal triangle. 





Proof. 


(8) The projections of 7 onto the triangle sides are simply the points 
‘of contact of the incircle. Since 7 is the center of the icicle, the 
result fallow. 


(©) The projections of O onto the triangle sides BC, CA, AB are their 
— Ay, By, Cy, Since midline parallel tothe base, te pere 
— bisector of BC coincides with the Ay-altitude of triangle 
ABC. We conclude by applying this idea cyclically. 





(€) The projections of H onto the tring sides are the respective foet 
of altitudes Ay. Bo. Ca- 
We will prove that AeA is the angle bisector in triangle Ay BC. 
Recall that quadrilateral BASC, CASH Bo, awd BCByCy are 
‘yee (see Proposition 1.35(a).(0)). It follows that 


LAACo = LH BCs = ZECH = LIAA. 


Likewise we showr that Bly and CGC ate also angle bisectons in tri- 
‘ange ABoCo ad thas H is indeed the incemer of triangle Aa BC. 
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24. Given a right triangle ABC, let ABDE be a square erected outwards 
from its hypotenuse AB. Prove that the angle bisector of ZC bisects 
the are of the square ABDE. 


First Proof: First, what lines bisect the area of a given square? Since 
‘square is centrally symmetric, these are precisely the lines that pars 
through its center. Hence instead of dealing with D and E, let O be the 
‘enter of ABCD, Le. the third vertex of right O-isosocies triangle ABO 
‘rected outwards from AB. Now it sulle to prove that CO bisects 
‘angle ACB. 








not containing vertex C, and as sach it les on the angle bisector of C 
(Gee Proposition 1:38(0)- 
Second Proof. Build a square CXYZ circumscribed about ABDE 


by adding right triangles BXD, DY E. and EZA congruent to triangle 
ABC. Then the angle bisector of ZC is clearly CY. Te passes through 
the common center O of ABDE and CXYZ, benoe it bisects the nren 
of the square ABDE. 
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25. [Tournament of Towns 2010] Let ABCD be a rhombus with a point P 
‘onthe side BC and Q om the side CD such that BP = CQ. Prove that 
the centroid of the triangle APQ ties om the segment BD. 


Proof. Since the centroid is usually dificult to handle, we first try to 
restate the problem. Recalling that the centroid “trisects” the median, 
the statement equivalently says that the midpoint of PQ lies on the 
Image of line BD in homathety H(A, J), which isthe midline EF (with 
E € BC, F € CD) in ismceles triangle DBC. Now if we note that 
BP = CQ rewrites as EP = FQ, we may conveniently forget more than 
half of the picture. 


Proving that EF bisects PQ is not dificult. Since EP = FQ nnd the 
lines CE and CF subtead the same angle with BF, points P and Q 
Ihave the some distance from the line EF. As they lie in the opposite 
‘half-plane, the midpoint of PQ les on EF as desired. 





26, [Romania 2006] Let ABC be a triangle. Points AI. A on its sides AB, 
AC, respectively satisfy 





Bu, eN 

aB =? aC 
The line perpendicular to A passing hough N intermetis side BC at 
P: Pene that ZMPN = CNPC. 





Proof. Place BC horizontally. The given condition then states that- 
the point Af is twice as high above BC as N. In other words, if £ is a 
line through AF parallel to BC tben the point N lies midway between 
BC and (- Denoting the intersection of the lines MAN and BC by L we 
‘conclude that N is the midpoint of AfL- 

“Tims in triangle MPL both the P-median and P-altivude coincide with 
PN implying that triangle MPL i isc (if în doubt, consult Intro- 
ductory Problem 12). Hence PN is smultancotsly the angle bisector. 


Ca 








27. Let ABC be a scalene triangle and denote by D the intersection of the 
external angle bisector at A with line BC. Prove that 
(a) DB/DC = AB/AC. 
(b) If we define points Æ € AC and F € AB also as fet of the respec 
tive external ange bisectors, then D, E, and F are coliear 
Proof. 


(a) Denote the external ange bisector by £ and place it horizontally. 
Now we see that both DB/DC and AB/AC express the ratio of 
Aistances ofthe points B and C to the line £. 





Inde let By. Co be the projections of B and C omo £, respectively. 
‘Then ADB ~ ADCC and AABB ~ ACC (AN), hence 





(8) By Menelaus Theorem, points D, E, F are client if and only if 

BD CE AF 

DC EA FB 

Using part (a) we can replace each of the ratios on the left-hand 
side and rewrite the latter (equivalaty) ax 


BA CB aC 
aC BA 
hich is true. Pole sled 
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25. Let ABC be a scalene acute triange. Draw points K, L, M, N such that 
ABMN and LBCK are congruent rectangles erected outwards from the 
triangle sides. Prove that ines AL, NK, MC are concurrent. 


First Proof. Denote the intersection of AL and CM by X. For the 
rectangles to be congruent we must have MB = BC and AB = BL, 
therefore the triangles Af BC and ABL are both isosceles. As ZM BC < 
9P + 2B = ZABL we even have MBC ~ GABL and ZXMB = 
2XAB. Thus, X lies on the citcumcecle of ABMN and similarly on 
the circumeiele of LBCK., 

Now as BN and BK are diameters it follows that ZBXN = 90° and 
ZKXB = 90 implying that poims N, X, and K are collinear. 





Second Proof. Consider rotation centered at B carrying BAINA to 
BCKL. As rotation is n special case of spiral similarity, the Proposition 
1.48 implies that all three lines pass through the second intersection of 
the cireumeireles of the rectangles ABMA and LACK. 








29. [USAMO 1993) Let ABCD be a convex quadrilateral whose diagonals 
intersect at right angle at O. Prove that tbe reflections of O acros lincs 
AB, BC, CD, DA see concycic. 


First Proof. Instead of reflections across the sides of ABCD we shall 
work with the projections A’, BY, C, and D’ of O on AB, BC, CD. 
DA, respectively. Once we prove A, BY, Cand DY are coucyetic, the 
‘conclusion will follow from the homotbety (0.2). 











Observe that quadrilateral A'BB'O, B'CC'O, C'DD'O, and DANO 
ate cyclie with diameters BO, CO, DO. and AO, respectively. We will 
tse this to show ZA'D'C + ZC'B'A = 180. Inde, we have 


RWC = LDO + LOC = LBAO + 2ODC, 
and similarly 
LON = LC WO4 LOWA = LDCO + LOBA, 


bout looking at the right tangles DOC and AOB we ser that the mum 
of these angles is 180". 

‘Second Proof. As in the first proof we note that it suffices to prow 
that the points A’, BY, C', D are concyelie. 





Draw the diagram so that DB is horizontal and AC is vertical. We 
mert about O. 
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"The lines BD and AC will remain horizontal and vertical, respectively: 
‘The circuncitcle of OA’BEF which bas diameter OB and the circum- 
inclo of OC DD’ which bas diameter OD will become vertical lines, 
Likewise, the cireumcirekos of OAA and OB'CC" will become hori- 
zontal ines. Hence A'Y [Y will become a rectangle. Since the images 
GEAN, B”. C, D lie om a circle not passing through O, so do the original 
points A, BF, C*, and D- 


Let ABCD be a cyclic quadrilateral and let Jy, fa be the incenters of 
the triangles ABC and ABD, respectively. 


(Sw at he qin Ane 
— Dasa nando tment CDA BCD, wd 
moe ies ane 
Prot 
(od eh tt AND = ZARA: We 
Proposition 1.38(a)) 
— — 


but since ABCD is exci it follows that ZACB = ZADB and we 





sve (recalling 





(b) (Japanese theorem for cyclic quadeilaterals) We will show that 
Tile 1 fas, From (a) we know that ABI, 1z and ADIahy are cyclic. 
Extending the ray Aly beyond 12, we ae that 

1 1 
jasc + jeepa =o. 


which completes the 
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31. Let M be the midpoint of the side BC of a triangle ABC. Point K on 
the segment AA satisfies CK = AB. Denote by L the intersection of 
CK and AB. Prove that triangle AK L îs tances 
First Proof. In order to “connect” equal segments AB and CK and 
make we of the midpoint Af of BC, let K' be the point such that 
BKCK' is a parallelogram. Then K” Bes on the A-median (beyond Af) 
and K'B = CK = AB. Hence triangle ABK" is B-isosoles and since 
K'B and CK ave parallel, triangle AK L is L-isosoeles. 


Second Proof. This time we exploit equal segments CK = AB 
and BM = MC by means of Menelaus’ Theorem in triangle LBC for 
collinear points A, K. AM. We obtain 

LA BM CK _ LA 
“AB NC RE™ RL 
Hence triangle AKL is L-isoseeles. 





‘Third Proof. Place AM horizontally. As Af is the midpoint of BC, 
point C is as much “above” AM as B is “below” it. Since the segments 
AB and CK are equal, they form the same angle with AM. Thus, 
triangle ALK is boners. 
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y; Bi, Ci be the midpoints of the ares BC, CA, AB of the cir- 
— of triangle ABC (not containing A, B, C, respectively) and 
let Aa, Ba, Ca be tbe tangency points of the incre with BC, CA, AB, 
respectively. Prove that the lines A,A, By 8, C\Cz are concurrent. 


Proof. Place BC horizontally with A “above” it amd observe that Ay 
and A are both the “bottom” points on the respective circles. 


x 


‘Ths itin natural to consider homotbety with positive factor which takes 
the ireumeirele of triangle ABC to is incirele. 

AAs Ay and Ap correspond in this homothety, line A; Az passes through 
its center H*. For analogous reasons aiso B B and Ce pass through 
and the concurrence is proved. 





38, Let ABC bea triangle with incenter I and A-excenter Æ. Further, lt M 
be the midpoint of are BC that does not contain A, and lt D = AINBC, 
Prove the following metric identities: 

(0) AD- AM = AB- AC. 
(0) AT- AE = AB-AC. 
(©) MA-ID= MI-AI 


First Proof, 


(a) Observe that ZAMB = ZACB and thus ABM ~ AADC (AA). 
From this similarity we get 


AB_AD 


aM = ac" 








snd the result folks. 
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(D) Place AJ vertically: We recall that points B, 1, C, Æ lie on a circle 
centered at AM (see the Big Picture, Proposition 1.42(b)) and call 
the irele siy. Aiming to use Power of a Point, further, we denote 
boy C" the second intersection of AL and is, and learn 


ALAE = AB-AC', 


but from symmetry in line AZ, we have ACT = AC and we may 
conchae. 


(€) We write 1D = MI — MD. Thus, wing the Shooting Lemma (se 
Proposition 1.40(b)), we obtain 
MA-ID= MA: MI- MA-MD = MA- MI- MP 
{ = MI-(MA~ AID) = MI-AL 





Second Proof. Parts (a) and (b) follow akso from V/einersion, The 
fact that the image of D is A ensures part (a) and for part (b) we 
remark (in the interesting case of a senene triangle) that the image of 
the cireumcircle of BICE is a circle centered somewhere on AT and 
passing through B and C. Hence it is its own image and J maps to E. 





34. Points M and N vary over the interiors of the sides AB and AC of a 
triangle ABC so that BM/MA = AN/NC. Prove that the cireumcircles 
of the triangles AMN pass through another faxed point diferent fromm 
4 


| Proof. Let Se the center of spiral similarity that maps segment BA to 
| AC (in this order of vertices) namely S(S, AC/AB, (BA, AC). Since 
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the points Af, N divide the corresponding segments B.A, AC in the same 
ratio, similarity S abo maps A! to N, implying that 2(MS,SN) = 
Z(BA,AC). Quadrilateral AMSN is then eyeic and the conclusion 
follows. 





35. [Romania 2001) A triangle ABC and a point D in its imerior are given- 


Consider points B, F mch that AAFB ~ ACEA ~ ACDB, points B 
and E le on diflerent sides of the line AC, and points C and F lie on 
ditlerent sides of AB. Prove that AEDF is a parallelogram. 


Proof. Denote Z(CE CA) by g and CA/CE by k. Then spiral similar- 
ity S(C.k,p) tabes E'to A and D to B8. Therefore it takes ED to AB 
and so Z(ED, AB) = p. Since also Z(AF. AB) = p, we have ED || AF. 
Likewise we get FD | AE which ensures that AEDE is a parallelogram, 














¶ Solutions to Introductory Problems 105 





36. Napoleon's? Theorem 
Let ABC bea triangle and et BCD, CAE, ABF be equilateral triangles 
‘erected outwards from is sides. Showe that the centroids Ay, B, Ci of 
these equilateral triangles also form an equilateral triangle: 


First Proof. Spiral similarity S(C, V3, +30) takes By to A and Ay to 
D. Thus it tabes ByAy to AD and so AD = V3- MA1. The same 
aggument with spiral similarity S'(B, V3,~30") shows that also AD = 
V35- CiAn. ‘Therefore we have BA, = Ci A1 and likewise we obtain 
BiA = ByC\, which ends the proof. 


$ e 
| A 
* 
Second Proof. We choose to write the similarity of the equilateral tri- 
— in the following onder of vertico: GABF ~ AECA ~ QCDB, 
By the Averaging Principle, the centroids of the triplets of correspond- 


ing points form an equilateral triangle. But those triplets are exactly 
triangles AEC, BCD, and FAB, so we are done! 


37. Let X be a point in the plane of triangle ABC such that 


Proof. Let r be the radius of inversion and let A", BF, C be the images 
of points A, B. C, respectively 


— — — — 
to win his fame mc hw peel me 
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We recaleulate distances by Proposition 1.51(b): 





a c= 
AO AB eG. AC = AC ae 


Comparing shows, we new to prove 
one 
xB” Xe 

which is just another form of the given 





‘The equality A'C' = BC" is provod analogously. 

Remark. In tact, for every scalene triangle ABC two such points X 
exist. More on their existence wili be hinted at in the remark following 
Advanced Problem 12 


88, Let ABCD be n trapezoid soch that BC | AD and ZCBA = OP, Let 


M be a point on AB satisfying ZCM D = 90. Let AK be an altitude 
ingle DAM and BI an altitude i triangle MBC. Prove that the 
lines AK, BL, and CD are concurrent. 


Proof. Lat Xi = AK OCD and Xs = BLO CD. Observe that 
DBE ALD as they are both perpendicular to MC. Therefore CLX? = 
‘CMD (AA) and we may write 
OX cL ox 
CD CM “XD 
Simitaety, we obtain 





ze 
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F ‘a 





Moreover, ZBMC = 180° 90° — DMA = ZADM, so triangles BMC 
‘and ADM ave ako similar and therefore proportional. Thus 


and this gives ws 





‘Then points Xi, Nz must coincide, since they divide the segment CD in 
the samme rato. The caelusion follows. 


[Poland 2008) An angle with vertex V and a point A in jts interior are 
given. Points X, Y le on the respective raya of the angle such that 
VX = VY and the sum AX + AY is the minimal possible. Prove that 
2X AV = YAV. 


Proof. The question is which pair of points X, Y minimizes the sum 
AX + AY, We learn the answer if we ewt may the triangle VXA and 
ale it on the other side of triangle VAY as triangle VYA. Now the 
sum AX + AY translates into AY + YA" which, since A and A? are 
fixed, is minimal when Y lies on AA’ Then as VA = VA, we have 
VAY = ZVA'Y. which is the same as the desired ZXAV = ZY AV, 
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40, [Tournament of Towns 2008} Let ABC be a triangle with AB 


a 








Ic. 
Let K, L be the points on the sides AB, AC, respectively, such that 
KL = BK + CL. Let M be the midpoint of KL. The line through M 
parallel to AC intersects BC at N. Find the magnitude of the angle 
KNL 


Solution. We place line BC horizontally and take a look at horizontal 
levels of points K, L, and A. Since M is the midpoint, its level is the 
average of levels of K and L. Moreover, as segments BA, NM, and CL 
Subtend the same angle with BC, their lengths are proportional to their 
horizontal levels. Hence MAN = [(BK + CL). 





‘Then the given condition yields ALN = JKL = MK = ML, thus Mf 
is the cireumeenter of triangle KNL, and as M lies on KL, the angle 
KNL is right. 


[based on AIME 2000) Let ABC be a triangle and D the point of contact 
O£ the incirele with BC. Let DX be a diameter of w. Show that if 
ZBXC =P then 5a = 36+) 





If we recall the xy formula for inradius r (see Proposition 1.8), the 
latter turas into 
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2 


48. 





M remains to note that the desired condition Sa = 3(b +) also rewrites 
aay 2 = Sr, Weare done, 


[APMO 1904] Given a triangle ABC with cireumcenter O, orthocenter 
H, and circumradius R, prove that OW < 3R. 


Proof, If ABC is equilateral, then O = M and the conclusion is imme- 
dinte. Otherwise, the trick is to ook at the Euler line of triangle ABC 


— 
SZ 
* —— * 


‘Since the centroid G isin one third from O to M. it slices to prove 
OG < R But this is obvious since, the centroid lios alway inside the 
triangle and thus also inside the eeeumeircle! 











Circles ay pare internally tangent to a crc at distinct points A, B, 
respectively: Moreover, they are tangent to each otber at T. Denote by 
P the second intersection of AT and i. Show that BP is perpendicular 
to BT. 


Proof. We draw the common tangent ofa and c through T and place 
it horizontally (with sy “above” it). 

Now consider homothety with center A which takes cis to ut Then T 
maps to Pand since T was the “bottom” point ons, P is the “bottom” 
point on os. 


no 





“u 





Next, we intersect BT with « for the second time at P” and we may we 
‘an analogous argument to show that P is the “top” point on w. Then 
points P and P” form a diameter and 2PBT = 90. 


Let ABC be an seute-angled triangle with orthocenter H. Let A', B, C" 
be the images of A. B, C. respectively, under inversion about #7, Prove 
‘hat His the incenter of triangle A'B'C*. What happens if triangle ABC 
obtuse? 


Proof. Consider points A, B, aod C as pairwise intersections of the 
— of triangles BCH, CAM, awd ABH. Recall that these 
— have equal radii (see Proposition 135d). 





“Ths in inversion these circles turn into lines A'A”. BFC", and C'A' (soe 
Proportion 1.53) equidistant from H. 

Since triangle ABC was acute, H lies inside triangle A'B'C" and there- 
ore coincides with jts incenter. In case of obtuse triangle ABC, H will 
be one of the exenters in triangle A'E'C". 
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45. Circles sin, a internally tangent to a circle «> at distinct points A, B, 

r respectively. Moreover, they are tangent to cach other at T. Denote by 
P any intersection of w and their common tangent through T. Let the 
lines PA, PB intersect aie, s for the second time at X, Y. respectively, 
Show that XY is a common tangent of wy and us 


| First Proof. We may assume P isthe “top” point of w in order to 
‘ensure an casier vsualsng of fate bomuthety arguments. 

We observe that since P lies on the radical axis fy and sp, the Radical 

| Lemma ensures that ABY X is cyclic (xe Proposition 1.23). Now we 

focus on antiparallel ines in angle APB and we introduce the tangent 

| ‘Cow at P. Since both £ and XY are antiparallel to AB, and € is 





horizontal, XY is horizontal too. 





[Now the homothety with center A which tabs w to siy also takes P t0 

j X. so X is the “top” point of oy. But then XY is a horizontal line 
through the “top” point, Le. a tangent to ss at X. 

For the same reason, XY is tangent to ay at Y. 

Second Proof. After we onere ABY. is cyelic as in the first proof, 

we may alo draw the common tangent £ to o and aie at A in order to 

exploit their tangeney. For purposes of notation let Z = EO XY. Then 











4PBA= ¿PAZ mà LPBA=ZZ2XA. 


The equality PAZ = ZZXA implies that ZX is tangent i. Similarly, 
we can show XY is tangent too 


46. [APMO 1998} Let ABC be a triangle and D the foot of the altitude 
from A. Let E and F tie on a Tine pasing through D such that AE 
$s perpendicular to BE, AF is perpendicular to CF, and E and F are 





n 
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a 





ifort from D. Let M and N be the midpoints of the segments BC 
and EF, respectively. Prove that AN is perpendicular to NA 


Proof. First, we realize this problem is about two circles with diameters 
AB (calli w) and AC (call it 2) intersecting at A and D. This 
configuration calls for spiral similarity, since the collinearity of E, D. 
F, and of B, D, C implies (se Proposition 1.48), that spiral similarity 
‘entered at A which takes s to wy tabes abo triangle AEB to triangle 
AFC. 





Since the average of these similar triangles is triangle ANAF, it hms the 
same shape (reall the Averaging Principe), thus indeod AN L AFN. 


Four distinct points P, Q, R. and S are given in plane, such that PQAS 
is mot a parallelogram. Find the locus of centers O of rectangles whose 
sidelines AB. BC, CD. sod DA pass through P, Q. R. and S, respec- 
tively 


Proof. Denote the midpoints of PR and QS by M, 
(since PQRS is not parallelogram, M4 N). 

First let us suppose we found such rectangle ABCD. Note that both O 
and Af lie midway between ts parallel sides AB and CD, and bath O nnd 
1 lie midway between the sides BC and AD. Thus either ZMON = 90°, 
Or O coincides with one of Mf and N. 





{respectively 
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| 
| 
| 
| 
| 
| 





On the other hand, given any point O” on the circle with diameter MIN 
(call it), there exists a rectangle ABCD whose sidelines pass through 
P, Q. R, S, respectively, and whose center is O- Indeed, Iines through P 
and R parallel to O'A, and lines through Q and $ parallel to O'N form 
‘rectangle whose midines are precisely OM and ON (if say O' = N we 
consider line tangent to ws at N instead of O'N). 

"The locus is the circle with diameter MA. 


48, Let w be'a circle, BC its xed chord, and A a variable point on jts major 
are BC. Let M be the point on the segment AZ such that AM = 2MB 
and let K be the projection of A omo AC. Show that point K moves 
along a cireular at. 


Proof. Since ZMAK = ZBAC is fixed as A varies along the are BC 
of is, all the right triangles AKAT have the same shape. Even more, 
since AA/MB = 2 is fie, the shape of all the triangles AKB is the 
sae too, Hence both the ratio BK/BA and the magnitude of the angle 
ABK ave constant implybng that the locus of K is simply the image of 
the locns of A in spiral similarity SUB, BK/BA, (BA, BK), a circular 








49, In triangle ABC the line isogonal to the median is called the symmedian: 
Let ube the circumcire of triangle ABC. 

(a) IEZA 4 90° denote by T the intersection of tangents tow at points 

Band C. Prove that line AT i the A-symmodian i triangle ABC. 


(b) Let the A-symmedian in triangle ABC meet w for the second time 
at S. Prove that 





BS-AC 





*4 
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First Proof of (a). Asume triangle ABC is acute. We will prove that 
AT is isogona with the median in triangle ABC. We draw n lipe through 
T, which is antiparallel with BC in BAC and denote its intersections 
with AB and AC by X and Y, respectively. Our target is to prove that 
T is the midpoint of XY, since this would ensure AT to be median ir 
triangle AXY and thus also symmedian i triangle ABC. 





x 


We may as well decd to prune that Tis the center of the cireumeircle of 
the cycle quadrilateral XYCB, which has to be the case as TI = TC 
and we need TX = TY. So in fact, the desired conclusion ix equivalent 
to TX = TB, which we wili show by angl-chasing. 
‘As BC and XY are antiparallel, we have ZTXB = ZC, and wing 
tangency vies 

EXBT =y- 2A- 2B 
‘Tins TX = 7B and the conchusion follows 
In the other cases when ADC is not acute, the proof is analogous, 
Second Proof of (a). Perform a VBcinverson. The circle w will go 
to the line BC. The lines tangent to se at B and C will go to circles wh 
— posing through A and tangent to BC at C and B, respectively, 
and T will go to the second intersection point 7” of these circles. Let 
M be the midpoint of BC. Then the symmodian ine AD wil go to the 
median line AN 
“Timas part (a) is equivalent to showing that A, 7°, and Af are collinear, 
But this is easy since the powers of M with respect to is and isp are 
both MC? = ALB. Hence A lies om the radical axis AT” of wy and wy. 
Proof of (b). Let M be the midpoint of BC and A the radius of w. 
rom the Extended Law of Sines we have 


BS = 2Rsin ZBAS = 2Rsin LCAM 











{ 


us 








N pa 
and ewe CS = Rin ZCAS = 2s ZAM. Hence isles to 


show that bsin CAM = csin ZBAM. However, this allows from the 
Law of Sines in triangles AMB and AMC. since 


sin LCAM = MCsin ZAMC = MBsin LAMB = esin CBAM, 


Let A, B, C, and D be distinct points in the plane not tying on one 
ciele. Each st of theee points is inverted with respect to the fourth 
point. Show thatthe resulting four triangles are mutually similar- 


Proof, Realising itis virtually impossible to draw reasonable diagram, 
we decide to make use of the fact that we can calculate the length of every 
segment afier performing inversion (se Proposition 1.51(b)). Indeed. if 
we denote by BFC D the images of B,C. Din inersion with center 
‘A and radius 1, we learn that 





Be- 





ev 





ae 


BC :CD : DB = (AD-BC) :(CD-AB):(BD- AC) 
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“This defines the shape of triangle B'C" D and since the right-hand side is 
symmetric in A, B, C, and D, we find thatthe remaining throe triangles 
‘also have this shape. We are done. 


51, Quadrilateral with scribed circle. 
Circle isinseribea in angle EAP and is tangent to AE at E and to AF 
‘at F. On the segments AE and AF choose points B and D, respectively 
Let the tangents from Band D to (distinct from AE and AF) intersect 
t C, Show that: 

(a) AB+BC=CD+ DA 
b) Tho incircles of triangles ABD and BCD touch BD at symmetric 
points with respect to the midpoint of BD. 


Proof. In (a), Denote by T, U the points af comtact of the lines BC, 
DC withthe cle w. 


By Equal Tangents for vertices Ht, A and D we find 
AB} BT = AB 4 BE= AE = AF = AD 4+ DF = AD + DU. 
Subtracting CT = CU yieke the rest. 











In (b), we work in a figure without circle ss. Denote by P, Q the points 
of contact of BD with the incirekes of triangles ABD. BCD. 


By Proposition 1.7 we have 


BP=BD+AB-DA) and DQ 





Sav +c0-n0) 


Since part (a) ako reads as AB ~ DA = CD- BC. we obtain BP = DQ 
implying that P and Q are symmetric about the midpoint of BD. 
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52. [Euler's Theorem) Triangle ABC is inscribed in circle ss with radius R 
, Centered at O. Let Ibe the incenter of triangle ABC and rit inradius. 
Prove that OF = RÈ ~ Br, 


Proof. We use power of I with respect to the cireumcircle. From the 
very definition we know that p(7,a) = OF ~ FE, hence i slices to 
prove that p(s) = -2Rr. 





* 


Let M be the second intersection of AF and w, Le. the midpoint of are 
BC of is which does not contains A. Since F lies inside «s, we aiin to prove 
TASIM = 2R. 
We know that A/T = M (soe Proposition 138(b)) and thus by the Ex- 
tended Law of Sines in triangle A/B, we have MJ = MB = 2Rsin GÀ. 
As for the distance FA, we introduce the point of contact Z of the incirele 
4 ‘with AB and use right triangle A/Z from which we obtain 





Together we obtain MI AI = 2r and we may conclude. 


Remark. Very analogous argument can be applied to show that O12 = 
FE + Rra, where Ia is the center of A-excircle of triangle ABC and ra 
its radius. We encourage the reader to verify this. 


} a 








53. Customizing inversion. 


j- (a) Let o be a circle and 7 a point outside oft. Prove that there exists 
j; a circle with center Z such that a is preserved in inversion about 
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(0) Let ssn, isn, is be thee circles with now collinear centers, each out- 
side of the other. Prove that there exists a circle # such that inver- 
‘Som about i preserves si, 02, and 2. 


First Proof of (a). Denote the tangents to w passing through / by 4 
Gand the respective points of tangeney by Ti, T3. Since any inversi 
about J preserves £ and fa, it maps s to a circle inscribe inthe angle 
formed by fy and (z. By letting the radius of å be equal to IT) = ITs 
‘we ensure that T; and Ts are preserved and since there is unique circle 
tangent to fy at Th and to fz at Ta, the civcle w is preserved 100, 


Bx VRID 
ne me 
n 


Second Proof of (a). We otier another approach which we will follow 
im the next part too. Let £ be any lime passing through I and intersecting 
1 mt (mot necessarily distinct) points A, 2. As the product 7A- 1B = 
Dde) is constant, it sulices to let the radius off be equal to ry = 
PT.) sinc then we have 
1am 
Iwa pe te 
which implies that A is mapped to B and vice vera. 
Proof of (b). Let P be the radical center (sre Proposition 1.22) ofu, 
oy and wy. Sino the circles lie outside each other, point P lies outside 
them too and p(P,sy) = (Pos) = plPscs) = p > 0. Ax in the second 
proot of part (a) we conclude that the circle with cemer P and radius 
VP has the desired property: 

















* 





Chapter 5 
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| Problems 








with the siden AB, AC, respectively, and let L and A be the fot of A 
and C-altitudes. Show that the incenter 1 of triangle ALAI coinckdes 
‘with the orthocenter H” of triangle AES 


Proof. We deaw two separate diagrams and prove that 1" and M' lie 
om the same ray from A and with the same distance from it 
First, we focus on /'. This certainly Hes on the bisector of ZA and 
recalling that the factor of similarity between triangles ABC and ALA 
| is [eae ZA] (se Proposition 1:35(c), we ean write AU = AP: [o0 ZA), 
| Where 1 is the incenter of triangle ABC. 


| 1. tw acute triangle ABC et E F be the points of contact of the incirele 














For H’, we first note that triangle AE is isosceles, thus its altitude 
is also the bisector of ZA. The distance AH” can be found as AH = 

= 2Rcosa} (see Proposition 135(f). where 2R is the circumdiameter of 
triangle AEF. But a points E and F Re on a circle with diameter AZ, 
this ercumdiameter i actually AT and the conclusion follows. 
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2, In triangle ABC with ZBAC = 120°, denote by D, E, F the interse- 
tions of the respective angle bisectors with the opposite sides BC, CA, 
AB. Find ZEDP- 


Solution. Observe that AF is an external angle bisector in triangle 
ADC. As CF sits internal angle bisector, F is inevitably the C-excenter 
Of triangle ACD. Likewise, E is the B-excenter of triangle ABD. Lines 
DF and DE then bisect the angles ADB and CDA, making angle DEP 
‘one half of a straight angle, Le. 90°. 





3, [Romania 2006) Let ABC be a triangle with AB = AC. Let D be the 
midpoint of BC. M the midpoint of AD and N the projection of D onto 
BM. Prove that ZANC = 90°, 


First Proof. Draw point X such that ADCX is a rectangle. Then 
ABDM ~ ABCX (SAS). thus the triangles are homothetic from B 
implying that B, M, and X are collar, Ax ZDNX = 90° = ZDAX, 
it follows that Nason the cireumeirele of the rectangle DCX A. Since 
AC is also diameter of this rectangle, we have ZANC = 90°- 


KI A. 


Second Proof. Resizing that ABND ~ ADNM (AA), we see that 
the spiral similarity S(N, ND/N B, +90) takes the segment BD to the 
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Segment DA. Since the triplets of points B, D, C, and D, M, A have 
, the same shape, S also sends C to A and ZANC = O0 follows. 


i 4. Let ABC be an acuteangied triangle with ZA = 00° and AB > AC, 
Lat 1 be its incenter. 


(0) IEH is the orthocenter of triangle ABC, prove that 
2AM = 328. 


() TEAL the midpoint of AZ, prove that Af lies on the nine point circle! 
‘of triangle ABC. 


Proof. 


(a) (APMO 2007) The ange ZANT is not directly accessible so it iw 
| natural to expect some irele to arise. 

We recall basic angles ZBIC = 90° + |A = 120" (see Proposition 
1.38) and ZBHC = 180° ~ LA = 120" (me Proposition 13540) for 
‘scutoangle triangle). 
"Thus BCH is cyclic (with vertices in this order due to AB > AC) 
and we may mow finish the problem easily. Indeed, using the angle 
by H one more time we kara 





Ate + zena 





ar- 128) + 0-20) 





> 
ž 














į 
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(©) Once we observed that BCHL is cyclic, we just noed to realize 
that bomothety H(A, $) takes triangle BHC to triangle MeHe My, 
where Mc, Ha ad My are the midpoints of AB, AH, and AC, 
‘spectively. Thus the circle BHC i taken to the nine point circle 
‘of triangle ABC (see Theorem 1.37) and since 7 ìs taken to M, we 
—— 


5, [Brazil 2008) Quadrilateral ABCD inscribed in a circle w contains its 

‘center O in itsinterior. Let rand s be the lines obtained by reflecting AB 

respect to the internal bisetoes of ZCAD and ZCBD, respectively. 

IE P is the intersection of rand s, prove that OP is perpendicular to 
ep. 


Proof, Note that bisector of both angles CAD and ZCBD intersect 
‘the circle at the same point, namely atthe midpoint Æ of are CD (not 
‘containing A and B). Now, since OF 4 CD, we may erase points C and 
D and aim to prove that O, E, and P are eollinear. 








As O lien inside ABCD, ange AEB is neute and thus BAE + ZABE > 
90° implying that lines AE and BE bisect external (and not internal) 
angles in triangle APB. Therefore E is tbe P-excenter in this triangle. 
We recognise ws as part of the Big Picture from Proposition 1.42(b) for 
range APB and recall that its center les on the angle bisector of 
ZEPA. The ċonchusion follies as E. O. P form the angle bisector of 
ZBPA 


6, Let X be the foot of perpendicular from vertex B of the triangle ABC 
(AB < AC) to the angle bisector of ZA, 
(a) Let Af, P be the midpoints of AB, BC, respectively. Prove that 
X lies on ALP. 
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(b) Let D, E be the points of contact of the incircle with sides BC, 
AC, respectively. Prove that X fies on the segment DE. 


Proof. 


(8) To prove that X lies on MP is the same as to prove that it lies 
half the way from B to line AC (consider the homothety M(B, 2)). 
Denote by X the intersection of BX and AC. 

We draw AX vertically and observe that since BX” is horizontal, 
it cuts off an isocees triangle from angle BAC. Thus BX = XX" 
snd we are done. 


a 





(b) We soek the connection betwen the points of contact of the incirele 
‘and the point X. Let 1 be the incenter of triangle ABC. 
Then ZIDB = ZIX B = 9 so the points B, D. X, I are concyelic 
(thanks to AB < AC in this rer of vertices). Now i is straight- 
forward to express ZX DB and ZEDB in wrms of ZA, 2B, ZC. 


pa b 


Using the coneyelicity we obtain ZX DB = ZAIB = 9P + $C 
(recall Proposition 13%(a)) and ZEDB can be calculated as an 
external ange in one half of the isosceles triangle DCE a590°4 } ZC 
“Thus, the lines DX and DE coincide and we are done. 





i 
| 
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7. Dunior Balkan 2010] Let BK and CL be angle bisector in an acute 
triangle ABC with incenter I (K les on the side AC, L lies on the side 
AB). The perpendicular bisector of LC intersects the line BK at point 
M. Point N les on the line CL such that NAC is parallel to LAT, Prove 
that NK = NB. 





Namely since A isthe intersection of the bisector of ZCBL and the 
perpendicular bisector of LC. it is the midpoint of the minor are LC of 
the cienmeitele of triangle LBC. In particular, BCA, is cyclic. 

But then ako BCK'N is eyeli, since in ZBIC the line LM is amipar- 
— to BC and has the same direction as NK. Finally, as N is the 
Intersection of the cireumcirele of triangle BCK and the bisector of ZC 
It is the midpoint of minor are BK, which ensures NK = NB, 





8. [AlLRussin Olympiad 2001) Circles w, ss with radii Ry and Ry are 
— tangent at N (with asy imide w). Let K be an arbitrary point 
on ssn. The tangent tos at K intersects ssy at A and B. Let A be the 
midpoint of the are AB of w not containing point N. Prove that the 
— R of triangle KBAT docs wot depend on the choice of K. 


Proof. First. place AB horizontally with N “above” it and observe 
that as K and Mare the “bottom” points of the circles wy, wa, they 
are collinear with the center N of bomothets which sends oy t0 i (see 
Example 14 if needed) 

Next, we denote the angle AIKB by p and observe that y corresponds 
to some ares in all three citcles. In. it due to tangeney corresponds to 
ate NK, ina it corresponds tothe sum of ares BAL and AN (sce Corol- 
lary La), which equals are NAL, and of course in the circumecircle 





135 














of triangle KBM it corresponds to MB. Using the Extended Law of 
Sines and the Shooting Lemma (see Proposition 1-40a), we may thus 
cakeulate R as 
— _ ae 
Y= stg = 
MN (MN NK 


= ES (GE - SS) -22m any = anl- Ri 





Which is inde independent of the choice of K. 


‘The external common tangent of the circles I), Fy with centers O, O is 
tangent to them at distinct points Ay, A, respectively. The circle with 
diameter A, Aa meets Py. for the second tirme at D, B, respectively. 
Prove that the lines A, Bs, B Az and O10% are concurrent. 


Proof. Let AyAy be horizontal with i, sy “abone” jt, Wo will guess 
the common point. 

Extend 4B, to meet Fs for the second time at Ch. Since ZAI Bay = 
207, we have 242C = 90" implying that Az and Cz are antipodal 
points of T, In other words Cz is the “top” point on T3. 
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Now the natural choice forthe point of concurrence is the center H- of 
i the negative homotbety that maps Fy to Fy. As Ay and Cz correspond 

this homothety, line A; B; passes through H~- By precisely the same 
argument, line 42B, pases through H~ too. Finally, H~ clearly lies on 
0,0, which finishes the proof. 





10. [Poland 2000) A circle passing through the vertex A of a parallelogram 
ABCD intersects the segments AB, AC, AD for the second time at P, 
Q. R. respectively. Prove that 


AP- AB + AR- AD = AQ- AC. 


ity (soe Theorem 1.46) in its quality case. 


| 
Proof. The metric relation oka somewhat similar to Polen’ Ina: 
‘The (real) Ptolemy's legality apie to cyclic quadrilateral APQR 
AP-QR + AR- PQ = AQ- PR: 
M AB/QR = AD/PQ = AC/PRR = k were irae, then the result wouid 
| follow jut by muktipiying by £. Ax AB = DC, this is equivalent 10 
SADC ~ APOR. 





Perhaps surprisingly: this similarity is quickly obtained by AA, since 
the evelie quadrilateral APQR gives ZQPR = ZQAR = ZCAD and 
ZPRQ= PAQ = ACD. 





11. Triangle ABC with incenter f and D = AFO BC satisfies b+ 
Show that: 
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(a) GI} BC, where G is the centroid of triangle ABC. 
(0) 201A = 9, where O is the citcumcenter of triangle ABC. 


(6) Let Æ and F be the midpoints of AB and AC, respectively. Then 
T's the cecumcenter of triangle DEF. 


Proof. Statements of the problem lad us to the belief that ratios on 
the angle bisector AD have very special values in this kind of triangle. 
Let's fist focus on those ration. For the sake of simplicity, we may 
asume DI 


As the incenter divides the angle bisector AD in the known ratio (soe 
— we find 





AL bte 


5 -2 








Next, we denote by AF the midpoint of are BC (not containing A) of 
the circumcirele of triangle ABC. We want to find AT. We recall the 
Shooting Lemma (se Proposition 140(0). which gives A 

— and thus MI = 2 and so MD- 


Now we know enough about ratios and we may proceed to the problem 
— 
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(a) Since I divides AD in ratio 2: 1 and G divides the median AA, 
(At € BC) in ato 2: 1, tbe homethety H(A, $) tan 1G to DA, 
and thas BC I GI. 


(b) Since 7 is the midpoint of the chord AM, we indeod have ZOTA = 
wr. 





(©) We will prove LE = IF = ID = 1. As IE is a midline in trian 
le ABM, we have JE = }MB = JAI = 1 (recall Proposition 
1138(b))- Same argument shows 1F = 1 and we are done. 





12, Points 2, D. and C are collinear in this order and BD # DC. Find the 
ous of points X such that ZBXD = ZDXC- 


Solution, Assume we found such point X. Being disappointed that the 
raal angles intercept distinct segmenta, we decide to map one segimen 


A ; 
Sy 


Consider positive homothety H sending BD to DC and its center H € 
BC. AEX? ia the image of X in M, then 





4DX'C= BXD 





pxe 





and as expected DOX'X is cyclic. Moreover, as DX || CX’. it is an 
isosceles trapemig. Thus, from symmetry of the trapezoid, we have 
HD = HX, which implies that X rans along a circle centered at H with 
radius HD. By reversing the chain of arguments, we can see that every 
point X $ BC of the circle satisfies tbe desired ZBXD = ZDXC. 

Remark. We kave in fact solved a classical problem from triangle 
‘geometry: Given triangle ABC, what is the locus of points X for which 
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as 


ID is the foot of the A.angle bisector, then due to the Angle Bisector 
Theorem this rewrites as 

XB DB 

XC ~ DE 
which happens if and only if BXD = ZDXC (again by the Angle 
Bisector Theorem) as in our problem, ‘Thus the answer is the circle we 
have just found ~ the so-called Apollonias” cirele of triangle ABC with 
respect to vertex A (the other two Apollonias” circles corresponding to 
vertices B and C). We encourage the reader to verify that these three 
circles intersect at two common points which have the property from 
Introductory Problem 37. 


Let ABC be n triangle and P a variable point on the are AB ofits 
citeumeircke w not containing point C. Let X, Y be the points on the 
rays BP, CP such that BX = AB anil CY = AC, respectively, Prove 
‘hat ll uch lines XY pass through a fied point independent of the 
choice of P. 


First Proof. What happens to X when P moves along the are AB? 
‘Since the distance BX is Berd, point X rans along (Axed) circle sa with 
center B paming through A. Likewise, Y traos an are of a circle ie 
with center C and passing through A. Moreover, since 


ZABX & ZABP = ZACP 8 ZACY, 


the triangles ABX and ACY are directly similar (SAS) and the spiral 
similarity centered at A which maps s to sie and B to C maps also X 
to Y. Hence the line XY passes through the second intersection of s 
and ise, be. the reflection A of A about BC (see Proposition 148). 
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Second Proof. As in the fist proof (but without actually drawing 
the circles) we mote that the triangles ABX and ACY are isosceles and 
similar. Hence it is natural to consider spiral similarity centered at A 
‘which maps triangle ABX to triangle ACY. 

By fixing point P, we fx the shape of those triangles and observe that 
as B “ghdes”to-C, point X “glides” to Y. In other words, line XY is 
‘the locus of points Z for which there exists point D on the line BC such 
that triangle AZD is similar to bath ABX and ACY. But the reflection 
A oF A about BC cleatly bas this property! Heno all the lines XY pass 
through A. 








‘Third Proof. If we are asare of the circles y and ws from the first 
proot and manage to gaes the common poin would be A. we may abo 
‘erly It by anghe-chasing. 








1 1 1 
2xBA=lepBA=Lepcas havea 
hence X, Y and AY are collinear and. we are done. 
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14. [AIME 2007) Four circles a, siy, sa, a with the same radius are drawn 
în the interior of triangle ABC such that ss, is tangent to the sides AB 
and AC, «9 to BC and BA, u to CA and CB, and w is externally 
tangent to ps. and at Ifthe side lengths of triangle ABC are 13, 
14, and 15, determine the radias of s 


Solution. In order to make use of the equal radii we have to introduce 
‘some new points. Denote by A’, BY, C, O the centers of the circle wy 
oy es respectively and by z their common radius- 


‘Since the radi of wy and sss are the same, points BF and C° have the 
same distance from the line BC and so BC” | BC. The same holds for 
the other sides, and thus the triangles ABC and ABC" are similar, 


Recall that the perimeter, arra, inradius, cireumradius ar almost any- 
thing in triangle ABC can be calculates given its sides, If we were 
able to express two such quantities in triangle A'B'C” in terima of 2, we 
‘woul equate thet ratios and obtain the answer ("similar meam propor 
tonal”). 








As OX = OB! = OC = 2s, point O is the cireumcenter of triangle 
A'BC and its cireumradius equals 2r. 

Moreover denote by 1 the center of triangle ABC and by r its inradius. 
‘The distance of 7 to all the sides of triangle A'B'C" equals r — z, hence 
T is also the incenter of triangle A’B'C” and its inradius equals r — 2. 


On the other hand, using zy: formulas for triangle ABC (soe Proposition 
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1.8) we compute r = and R= $. Thus it suffices to solve 





which yields 2 = #8, 


15, Broken circle. 


(0) Point P inside a parallelogram ABCD satisfies BPC + DPA = 
180. Prove that ZCBP = PDC. 

(b) Let ABCD be a trapezoid with AB || CD and AB > CD. Points 
K and L lie on the line segments AB and CD, respectively, such 
that $ = PA- Suppose that there ane points P and Q on the line 
segment KL satisfying ZAPB = ZDCB and ZCQD = ZCBA 
Prove that the points P, Q. B, and C are concyelic. 


Proof: 


(a) The constraint reminds ws of eyelic quadrilateral, so we try to 
create ane. We take the triangle APD and trate it o that A 
oe to B and D to C. Then, if we denote by P” the image of P, 
the quadrilateral PBC is cydlic. 


ce g C 








Combining this with the fact that PPCD 
obtain ZCBP = ZCP'P = PDC as desired. 

(b) (IMO 2006 shortlist) Since ZDCB + CB 
APB and CQD auld up to IN. Again, we want to reconstruct the 
‘yelc quadrilateral. This time it is homothety that does the job- 
Denote the intersection of AD and BC by E and consider homoth- 
ty with center E which tales AB to DC. Then, for the image P 
of P. we have ZDP°C = ZAPB and thus DQCP is cyclic, just as 
‘we intended 
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Also, since the points K, L divide the segments AB, DC in the 
’ same ratio, line KL passes through E. Now we may conveniently 
erase K and L and lave a line through E oniy. 





What remains is just some anglechasing. Prom ZCQD = 
CBA = ZECD we inter that BE is tangent to the circumcir- 
| ‘le of DQCP. Thus, the lines QC and PPC are antiparallel in 
| ZPEB and since by homothety PC | PB, we get that QC and 

PB are abso antiparallel in ZPEB implying that P, Q, B. C are 
coneyelie. 


16. [Poland 2000] Let ABC be an isosceles triangle with base BC. Let P be 
A point inside the triangle ABC such that ZCBP = ZACP. Denote by 
M the midpoint ofthe base BC. Shone that ZBPM + ZCPA = 180° 


} Proof. First, we mides the constraint ZCBP = ZACP. M implies 
‘thatthe cireumeirele of triangle BCP, which we denote by w. is tangent 
tothe line AC. By symmetry in line AA, it is tangent to AZ as well 








Non we focus on the triangle BC'P. As A is the intersection of tangents 
to its cireumeircle at the vertices B and C, line PA is its Psymmedian 
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(Gee Introductory Problem 49). This, if we denote by Mf the intersection 
Of PA and BC. we obtain BPM = APC, which finishes the proof- 


17. Let ABC be a now-right triangle with orthocenter H and circumcirele 


(a) Let P be a point ons. Prove that the reflections of P over the sides 
‘of the triangle ABC are collinear with H. Deduce that Simson linc? 
SE P with respect to triangle ABC bisects the segment PH. 

(b) Let £ be a line passing through A and denote by fay l. be its 
reflections over the respective sidos of the triangle ABC. Prove 
‘hat (as l, fe passthrough a common point on s. 


Proof. 


(a) Denote the images of P in reflections over BC, CA, AB, by Pay 

Py, and P,» vespectively. We will prove only that Ph, Pes and H are 
— vest wil follow by analogous argument, 
“The hey idea is to introduce te ages Ms and Me af the orthocen 
ter in veflectionsoxer AC and AB, respectively. Since both Hy and 
1 ie on the crcumcirele of triangle ABC (sce Proposition 1.36), 
they are the natural ink between the orthocenter and reflections in 
triangle sides. 
Observe that triangles AHP, and AMP are reflections of one 
‘ther in line AC. In particular, they are congruent (bwt differently 
— "The same olds for triangles AMP, and AHP. This 
Should be enough t finish the problem by: anglechasing. Indeed, 
‘using oriented anges (to overall possible positions of 7) yields 





AAH HoP) = AH, HP) 





{AM HPS) =~ (AMY. HP) = 


where in the secondi equality we used that A, Mo, He and P are 
oneyelie. The conclusion follows (see Proposition 1-18). 

As for the Simson line, consider homothety MP, $). It takes Py 
Py. and P. to the projections of P to BC. CA, AB, respectively, 
ami hence it tabes the line through Pa. Py. and P; to the Simson 
line of P with respect to triangle ABC. Since the line through Pa, 
Ph and P, passes through H. the Simson Tne of P with respect to 
triangle ABC passes through the midpoint of PH. 
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(b) (Anti Steiner* point) Again, we only prove that the intersection X 
of nonparallel lines ls amd Bes on w. 





Note that f passes through My and Ic passes through Hy. Using 
the symmetries similarly as in (a). we again make use of directed 
{ anges 
AX My. MA) = 246. MA) = ZX Hes HeA), 
‘Thus points X, A. Hand He om ome circle ns desired. 









18. Circles iss, are externally tangent at T and their common external 
| tangent € is tangent to them at A. B, respectively. Let w be a circle 
— in the curvilinear triangle ABT and denote by O its center 


and by r its radi. Prove that OT < 3r. 





is preserved (if in 
doubt, consult Introductory Problem 53) and superimpose the diagram 
i With the original one. 

73h See (ISG a Seim mathematician sto hid fan men 
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In this inversion, circles iss, «3 are mapped to parallel lines ff tangent 
toa? =, and line € is mapped toa circle € inscribed in the stripe formed 
by uf, and, tangent to. and passing through T- 
By now the result is apparent. Since bath # and w are inscribed in the 
same stripe, they are equal and thus denoting the point of contact of w 
and € by X we hawe OT < OX + XT < r + 2r = 3r- 





Let ABC be a triangje inscribed in cieche ws and denote by R f, Fas oy 
re it cireumradius, iradis, and the respective extadi 


(8) Denote by AF the midpoint of the side BC and by N the midpoint 
of are BC of w containing vertex A. Prove that 
1 
MN = nt re 


(0) Prove that 


ret trend Rtn 





(©) Let D, E. F be the midpoint of ares BC, CA, AB of w not eon: 
taining vertices A, B, C. respectively. Prove that the perimeter of 
the hexagon APBDCE is atleast 40+ r). 


Proof Denote the incenter of triangle ABC by / and its respective 
excenters by Fa fs 


(a) Place BC horizontally. Since N is the midpoint of the segment 
Jal (se the Big Picture ~ Proposition 1.42), the horizontal level of 
the point A isthe average of the horizontal levels of the points Is, 
e- But these are precisely the respective exradii which finishes the 
‘proof of the frst part 





5. Solutions to Advanced Problems 1st 


SK) 


(b) Let D be the midpoint of are BC of w not containing vertex A. 
‘Then D is the midpoint of the segment 1, (again, recall the Big 
Picture) and as in the part (a) we conclude that DAM = (ra ~ r). 
‘As DN is the diameter of w, summing this with the result of the 
first part we obtain the desired 


<2 MN 42. DM =k, 





nintr 








© 


(Mathematical Reletons, Michal Rolínek) Since DB = DC = 
DI = Dlg, the perimeter of APBDCE rewrites as 


(BD + DC) + (CE + EA) + (AP + FB) = Ig + Ih Me 





By (b) we are to prove that this is at least (4 - R+ r) + 3r = 
Cratr)tlrytr)+ (retr). A bit of withful thinking mow suggests we 
focus on much smaller diagram and try to prove [ly > re + r, since 
iE we succeeded then the result would follow by adding symmetric 
inequalities. Fortunately, the mentioned inequality is not only truc 
but also obvious. 

Indeed, denoting by Ay the foot of angle bisector by ZA we imme- 
diately have ZA; >r and Aila > ra, and thus abso 1, > re +: 
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20, Circles ion, w, and are given in the plane, every one outside the others, 
Circle w i tangent to them externally at Ay, A2, As, respectively and 
— $? is tangent to them internally at By, By, Ba, respectively. Prove 
that lines AB, 4282, and As By ate concurrent. 


First Proof. Proving concurrence of lines defined by tangency points of 
some circles should remind ws of homothety. 





fives us the negative homothety which maps is to Q, line Ay passes 
through the center H~ of negative homothety between w and P (see 
Lemma 1.31). 


For exactly the same reason, lines Band A2 pass through H= too. 
‘This Binishes the proot. 


p », 
enw 

a 
m 


Second Proof. This time we handie the circles with the aid af inver- 
As in the Introductory Problem 53 we construct a circle å such that all 
three circles szy, 22,0 ame preserves in inversion about i. This inversion 
maps circle s». which lies inside 4 to a cirele which lies outside # and 
is tangent to a = a, a = wp, and ssh = we But there is only one 
sch circle — namely f3! Hence is is mapped to & and in particular, 
points An. An. Ax are mapped to Bi, Ba, Ba, respectively. Since any 
Tine through a poina amd its image in inversion pass through the center 

‘that inerson, lines A18, A283, and AQBs are concurrent at the 
center Fo 











21. [Kazakhstan 2012) Points K. L om the side BC of a triangle ABC 
satisfy ZBAK = ZCAL < 3ZA. Let ay be any circle tangent to the 
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lines AB and AL, let wz be any circle tangent to the lines AC and 
. AK, and suppose that ux and wy intersect at P and Q. Prove that 
ZPAC = ZQAB. 


Proof. Denote the intersections of ey and wy such that AP < AQ. 
Points B, K, L, C are clearly mentioned inthe problem forthe notation 
purposes only. The diagram in fact consists of an angle (BAC), two 
isogonal lines in it (AK, AL), and two circles inscribed in the angles 
formed by these lines and the sides of the angle. In such setting, some 
sort of * 

Denote the points of tangency of swith AB by Ti and that of wy with 
AC by Ty. Consider the transformation obtained by reflection about the 
— of angle BAC followed by inversion with center A and radius 
VAT ATs 





| a 


| n ch transformation, wy is mapped tothe circle inscribed in ZAC 
tangent to line AC at the point with distance 


— 
mo 

tem A tess mappa to uep — 

Daing the tere al en and cy cione to A, then ppd he 

| ——— 


point shd its image in such transformation fie on isogonal lines, the 
elt follows 





-ATs 


22. [All-Russian Olympiad 2011) An acuteanged triangle ABC is given. 

j A circle passing, through A and the triangles crcumcenter O interacts 
AB and AC at points P and Q. respectively. Prove that the orthocenter 
of the triangle POQ lies on the ine BC. 
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First Proof. Denote the orthocenter by H- 
we manage to prove that quadrilaterals BHOP and CHOQ are cyclic, 
we will be instantly done as ZBHO+ ZOHC = ZAPO + OQA = 180. 
By symmetry, ie suces to prove the concydlicity of say BHOP only. 

“The figure consists of the triangle ABC with its circumoenter © and the 
triangle POQ with its orthocenter H. These two paris are connected 
Via eyclie quadrilateral APOQ. This guides us during the angle-chasing 


LOHP =% ~ LHPQ= PQO = PAO = ZOBA 





Which shows that BHOP is cyclic and we may end the proof here. 
4 


u e 


‘Second Proof. Denote by K. L. A the midpoint of the sides BC, C'A, 
AB. Firs, we wil check the statement for P = Af and Q = L (note that 
AMOL is cyclic) and fo the general ease we will use dynamic argument 
We have already seen that O is the orthocenter in triangle KLAT (see 
Introductory Problem 23(b)) which means K is the orthocenter of tri- 
angle OLA (see Lemma 131). Since K € BC, the case P = A and 
Q= Lis done. 

Nowe consider points P i AF, Q # L on the sides AB, AC such that 
APOQ is exci. 


Since ZOQL = 180° ZAQO = OPM. right triangles OLQ and OMP 
are similar (AA). We consider the spiral similarity S centered at O which 
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tales Z to Q and M to P. Note that denoting the orthocenter of triangle 
' OPQ by H. all we meed is ZHKO = 9 
Since S takes triangle OLM to triangle OQP it takes the orthocenter 
of triangle OLM (ie. K) to the orthocenter of triangle OPQ (ie. H). 
‘Thus, AOKH ~ AOMP ~ AOLQ snd indeed ZOKH = ZOMP = 
* 


23, [AMLRussian Olympiad 2002) Let O be the circumcenter of a triangle 
ABC. Points M and N are chosen on the sides AB and AC, respectively, 

| — that NOM = ZA. Prove that the perimeter of triangle MAN is 
‘not less than the length of the side BC. 


Proof. This is going to be tricky? Our strategy will be to rearrange 
the sides of triangle AMA so that they form a broken line. Then it 
| should be easier to compare its total length with BC. The presence of 
‘the cireumcenter (a point equidistant from A, B, and C) suggests using 
rotation. 











s, we consider rotation with center O which takes A to B and apply 

totation to triangle AOM. The image of A will be denoted as 
AM. Similarly, we consider rotation with center O which takes A to C 

| and apply i to triangle AON to obtain a new point A”. Since rotation 
preserves distances, we have BAY = AM and CN’ = AN. Now, we wish 
to prove A'N” = MN, since then the coachsion would follow (a straight 
line is the shortest distance from B to C). As we have OM = OA” and 
ON = ON’ we only need to prove ZAFON’ = ZNOM to ensure the 
SAS congrenceoftrangles MON and M'ON". But this is esy, because 
2BOC = 24A (central angle) and 


| MON" = ZBOC ~ (ZBOM’ + ZN'OC) = 22A~ 2NOM = ZA, 
and we may conclude. 
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24, [Sharygin Geometry Olympiad 2005] Let ABC be a scalene triangle with 
‘orthocenter H and incenter I. Line tis perpendicular to the bisector of 
(ZA saad passes through the midpoint of BC. Lines fj and le are defined 
— Show that the circurmcenter O, of triangle formed by these 
Tines ies om the line TH 


Proof. We aim to relate point O, to some triangle centers of triangle 
ABC. First, we get rid of the midpoints. Denote by G, the centroid of 
triangle ABC and recall that homothety Hs (G, 2) takes the midpoint 
‘of 
to the internal angle bisector. In other words, £, is the external angle 
— Since the same holds for f nnd fe, the triangle formed by the 
Images has the excentes a, fad, of triangle ABC as vertices. Also 
O, goes to O», the cireumcenter of triangle Tals 











In onder to connect Op with triangle ABC we we 
Proposition 1.12). Recall that the cireumcirele of triangle ABC centered 
at point O is the nine point circle of triangle fife and that 1 is the 
orthocenter in triangle Iall Hence as in the proof of the nine-point 
— (se Theorem 1:37) homotbety Hal. 4) takes Oz to O. 
Finally, we found a construction of O, from the triangle centers of tri 
se ABC and we can draw a diagram depicting it. Since H, G, and O lie 
on the Euler Line (sce Example 1.3) in a known ratio, we have enough 
Information to conchate. Either we recognize a familiar diagram with 
triangle HTO% and is centroid G or we can mindlessly verify collinearity 
‘of Or. fan H using Menelaus Theorem in triangle GOO. Indeed, as 
nes 10 00 HG_132. 


T0: 0G HO 




















the proof is over. 
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28, Lek ng be bmo circle that re enter tange ot Fad try 
tie comman tangan o — 
| Mes a Cand BS meray ain aD. tse AB nrc ma 
Damda un ot F Prot ase ST. CE, DE ee omnes 





Proof. Since ST is the radical axis of wi, >, by the Radical Lemna it 
slices to prove that the points C, D, E, F li on a single circle (see 
Proposition 1:23). 

By Introductory Problem 45, line CD is the common external tangent 
—* 





Hence ZDCE = ZCAE. But since the homothety centered at B which 
Í takes tous maps AS to FD, we bave AS | FDand ZCAB = ZSAB = 
| ZDEB which ensures that CDEF is cyclic as deste. 


26, Shortest paths. 
(a) Let £ he a line and A, B two points on the same side of it. For 
What point Le Cis AL + Li minimal? 
(0) Let “ABC be an acuteangiod triangle. Among all the triangles 
DEF with vertices D, E, F on the sides BC. CA. AB. respectively, 
ome has minimal perimeter. Find which one. 





Solution of (a). In order to estimate the length of the broken line we 
aim to straighten it 

{ Let B be the reflection of B about £. Then for any point X on the line 
Owe have AX + XB = AX + XB > AB and the equality occurs if 
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r 


X € AIP. Hence the point L we are looking for ès the intersection of £ 
wih AB. 


First Solution of (b). (Fagnano'st problem) If D, Æ, F are the 
points on the respective sides of triangle ABC such that the perimeter 
‘Of triangle DEF is the minimal pom then by (a) the segments DE, 
DF torm the same angle with BC and likewise for the other sides, 
‘other words, lines BC, CA, AB are the respective external angle bisector 
in triangle DEF implying that A, B, C are its respective excemers 











Being the D-excenter of triangle DEF, point A lies on the bisector of 
angle FDE. Since the internal and external angle bisectors of PDE 
are perpendicular, point D is the foot of A-alitude in triangle ABC. 
Likewise we learn that E and F nre the fect of the other altitudes, 
“The triangle with minimal perimeter is the one formed by the feet of the 
kites. 

Second Solution of (b). Guided by the first part, fix D on the side 
BC aud let D, D” be the rections of D about the sides AB, AC, 
respectively. Then 


DE+FE+ED=DF + FE+ED"> DD" 





and hence we aim to find such point D on BC that the distance D'D" 
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n 





As D varies along BC, its reflections about the sides AB, AC vary along 
segments BC, BC, where triangles ABC, ACB are the reflections of 
‘the original triangle ABC about its sides AB, AC. Moreover, BIY = 
BD = B'D”, 20 we may temporarily simplify the diagram again ~ now 
it consists of two congruent triangles AC'B, ACB with D’, D” being 
corresponding points on their sides C72, CB. 





‘The spiral similarity entered at A which maps triangle ACH to triangle 
ACB (in fat it is rotation) maps DY to DP. Hence sli the triangles 
— have the same shape nnd in order to minimise D'D” we may 
‘minimize AD? instead. The point on C'B closest to A is the projection 
of A onto C'B which (back in triangle ABC) corresponds to D being 
the foot of altitude from A- 

By the same reasoning we conclude that Æ, F ate the feet of altitudes 
Remark. Note that the second solution of (b) does not require the 
hypothesis that a triangle with minimal perimeter actually exists. 1 we 
‘wanted to remove this hypothesis also from the first solution, we would 
ted to verify that there is no sequence of triangles with decreasing, 
perimeters that tends to a degenerate case with one of D, E and F at a 
vertex 


{Based on IMO 1962 shorts} Circles wy, inscribed in a given circular 
‘sector with endpoints A, B ace externally tangent at T. Denote by C 
their common internal tangent. 


(a) Prove that £ passes through a Sued point independent of the posi- 
tion of so 


(0) Let C be the intersection of € with are AB Prove that T is the 
Incenter of triangle ABC. 


6 


107 Geometry Problems 





First Proof. Without los of generality assume AB is horizontal and 
‘the circular sector is “above” it. The given are AB determines a circle. 
Denote it by w. 


(a) We will prove that the fixed point is the midpoint M of are AB of 
1s lying “below” AB. 
Recall that common internal tangent ès the radical axis of w and 
‘2a. Ths it suffices to prove pA, soy) = (M2). 
Denote by Ti, Ts, K, L the points of tangency of w and w, «y and 
isun amd AH, amd s amd AB. 
[As K is the “bottom” point of the circle s, a homothety centered 
Mt Ti that sends a tow maps K to M. Hence the points Ti, K, 
M are collinear and similarly, T», L, M are collinear. 





Now we are left to prove MK = MT; = MI - MTh which is true 
boy the Shooting Lemma since both sides are equal to MA? (see 
Proposition 140) 

(b) As CT passes through Af it is the bisector of angle ACB. By the 

ternative definition of the incenter, it salfics to prove MT = MA 

(Gee Proposition 1.39). which is traghtforward, since 


MT? = fA 





ma. 





MK-MT 





Second Proof. Let « be the circle containing are AB and let £ meet 
is at C and M with C on are AB. Draw £ vertically and perform an 
inversion with respect to T. Denote images under this inversion with 
primes 

"The circles oy and sz amd the line £ become three vertical lines uf, u 
and € with € between the other two. The line AB becomes a cirele F 
moeting £ at T and tangent tos and a, The circle w becomes circle 
oF tangeot to of and of with T in is imerior. The intersections of? 
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with T are A and BY. The intersections of € with a are C” and AM with 
N inside F. 

Now by symmetry A'A is orizontal and Mi the reflection of 7 across 
A'B. Mence T is the orthocenter of triangle A'B’C (see Proposition 
1.30). Purther this triangle ix acute since its orthocenter in in its interior. 
Using the result of Introductory Problem 44 (and the fact that a second 
inversion about Twill reverse the fist), we soe that T is the Inoemer 
‘of triangle ABC. ‘This solves (b). From this (a) follows immediately 
sinc the fact that CT bisects ACB implies that A isthe midpoint of 
the are AB? of w not in the given circular segment, independent of the 
positions of wy and wy. 





| 2S, [IMO 2005) Let ABCD be a fixed convex quadrilateral with BC = DA 

d BC not parallel to DA. Let two variable points E and F lie on the 
Sides BC and DA, respectively, and satisfy BE = DF. The lines AC 
and BD meet at P. the lines BD and EF meet at Q. the lines EF and 
AC met at R Prove thatthe cirewmcirekes of the triangles PQR. as E 
and F vary, have a common point otber than P. 





j Proof. The mast natural way to employ BC = DA and BE = DF is 
to consider rotation R which sends B to D and C to A (and henee abso 
E to F). Denote the center of such rotation by S. 


Since rotation is a special case of spiral similarity, its center S is the 
‘second intersection of the cireumcirekes of the triangles BCP and DAP 
(ee Proposition 1.47). But in our case, R ako sends BE to DF and EC 
to FA so it also les on the crcumcircle of the triangles BEQ, DFQ, 
ECR and FAR! 
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With so many properties it i not hand to guess and prove that S is 
the point we are looking fr. For imtance, if we make use of cyclic 
— BCPS and ECRS we conclude by 

ZSR, RQ) = ZSR. RE) = SC. CE) = ASC,CB) = 4(SP.PB) 
(SP. PQ), 












[AIL Russian Olympiad 1905) Let ABCD be a quadrilateral inscribed in 
— w with diameter AB and center O. Lites CD aud AB intet- 
fect at. Let K be the seeond point of intersection of the cireumcircles 
Of triangles AOD and BOC. Prove that MKO = 9. 


Proof. Consider inversion about w and denote by Mf, K” the images 
Of AT and K. It slices to prove ZOM'R’ = 90° (see Proposition 1-31). 
Clearly, points A, B, C, D are preserved in such inversion. The circum- 
circles of triangles AOD and BOC are mapped to the lines AD and BC 
SK = ADA BC. 

Line CD is mapped to the cireumecircle of triangle COD (denote it by 
F) and line AB is mapped to itself so A” is the second intersection of F 
nd AB. 

Let ws focus on triangle ABK” with altitudes AC and BD. As O is the 
midpoint of AB. F is the nine-point circle of this triangle (ore Theorem 
1137) and hence M i the foot of altitude from K” to AB. We may 
conele 

Remark. ‘The asertion remains valid even if AB is an arbitrary chord 
‘of circle iz. The interested reader is encouraged to prove this claim. 











| 
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30. [Poland 2006) Let AB be a segment and C its midpoint. Cree which 
passes through A and C intersects circle ws which passes through B and 
C mt two diferent points C and D. Point P is the midpoint of are AD of 
‘itele w which does not contain C. Similarly, point Q is the midpoint of 
are BD of circle w which does not contain ©. Prove that PQ 1 CD. 


Proof. We will show that CP and CQ have equal projections onto CD, 
which ensures PQ 1 CD. 

Focus on the left half of tbe diagram only and note that since CP is the 
ingle bisector of ZACD (see Proposition 1-38(4)), we are dealing with 
a standard configuration 





Among many possible ways to proceed we choose a fast (but a little 
tricky) one. Denote by D the reflection of D in the angle bisector CP. 
Of coume, D € AB and PIY = PD = PA (P is the midpoint of are 
AD). Placing AC horizontally helps us realize that P then es “above” 
the midpoint of AL, which implies that the projection of CP onto CA 
ssquals (CA + CD?) = JCA + CD). As CP is the angle bisector, the 
projection onto CD is the same. Should D' coincide with A, ACDP is 
a eydlie kite with diameter CP and we get the same conclsion. 
Likewise we find that the projection of CQ onto CD or CH equals 
H(CB+CD) and we may conclude. 








w 107 Geometry Problems 





31. [Mathematical Rections, Michal Rolinek) Let BC be a fixed chord of 
the circle «e with radius R and let A vary on the major are BC of w 
forming an acute triangle ABC with A # 60" and orthocenter H. 


(a) Show that the mirror images 1” of H over the A-angle bisector run 
slong a ice. 

b) Show that the projections X of Hon the A-angle bisector also run 
nong a cirie. 


Proof of (a): Observe that AH! is isogonal to AH in ZBAC, there- 
fore (see Proposition 1.17), A, H’, and O are colinear, where Ò is the 
— of triangle ABC. Moreover, AH! = AH = 2R| oos A) 
(Gee Proposition 1.350), which is fined. Hence OW = JAO — AI = 
Ri 2o08 ŻA] is also fixed, implying that H” moves along a circle with 
center O and (nonzero) radius it ~ 200s. Zl. 





First Proof of (b). Denote by As and AF the midpoints of the major 
and minor ares BC of as, respectively. Alo, lt My be the orthocenter 
— ABC and observe that for A = Av. point X coincides with Ho. We 
Will prove that X Bes om a circle with diameter A/ Ho 

First, observe that AX and AsH both moet a at A. Purther, in Intro- 
ductory Problem 16, we have proved that 1H || Ady and since Ay 
fea diameter of www have Ady AM and so HHo L AM, yiclding 
X € H Ho and also ZM X Ho = 90. This proves our assertion. 
Second Proof of (b). Recall that H also describes a circle, infact 
the reflection af as in BC (see Proposition 1.36). Since both 1 (from 
part (a)) and H trace a circle with the same relative speed (namely the 
Speed of A long s). the Averaging Principle immediately yields that so 
do their midpoint. 
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32. [Sharyzin Geometry Olympiad 2012} In acute triangle ABC inscribed in 
Circle ws, let A be the projection of A onto BC and B,C” the projections 
of A onto AC, AB, respectively. Line BC" intersects w at X and Y 
and line AA’ intersects w for the second time at D. Prove that A' is the 
— of triangle XY D. 


Proof. First we prove that DA bisects ZX DY. Denote the cteumeenter 
of triangle ABC by O and recall that AO and AA’ ae sogomal in ZBAC 
(ee Proposition 1.17). 





As ZARA = LACA = 7, line AA’ pases through the cireumcenter 
of triangle ABYC", and hence AO (being isogonal toi also in ZAC") 
‘is perpendicular to 8C". A line perpendicular to n chord of a circle 
through the eenter af that circle is its perpendicular bisector o A is the 
midpoint of are XY of s. As a consequence, DA bisects 2X DY (if in 
doubt, see Proposition L38()- 

Now it sufhens to prove AA" = AX (sre the alternative definitions of the 
ncenter - Proposition 1.39b)). This might soem a bit hopeless at first, 
nit as AX? = AB- AC (see Shooting Lemma 140(a)), 
rid of X and are left to prone AIP -AC 

{the last equality is not obvious to you yet, consult Introductory Prob- 
lem 2. 





33. [China TST 2006) Given a triangle ABC, kt Bi, B, and Ci, Cz be 
Points on the sides AB and AC, respectively, such that B,/BB> 
— Prove that the orthocenters of triangles ABC. ABC, and 
ABC; are collinear. 





Proof. We choose to define the orthocenters as intersections of Band 
C altitudes and look at the problem dynamically. 
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Imagine a pair of limes fg and £ such that L AC and l+ 1 AB, which 
start their motion with B € G and C € Le and move uniformly until 
B € land C € te, one of the positions then being B € f and Cy € fe 
(since points B, and C; divide BB, and CC; in the same ratio). Tt 
— to prove that the intersetions of £ and le move along a line, 
Which sounds more than reasonable. 





Label the throe positions of ds and le as by, bb and ey, eo, c and their 
thre intersections as Ay, Ha, and Hy. Now just observe that homothety 
‘entered at Hy which sends by toby has factor BB,/BB, = CC3/CC, 
‘and thus sends ey to ea. Hence it maps Ha to Ha, which proves the 
‘site collinearity. 





34. [AlLRussion Olympiad 2000) Let ABC be a scalene triangle. The angle 
bisector of ZA intersects the side BC at D and the cireumeircle 0 of 
— ABC at A and E. Circle w with diameter DE cuts 0 again nt 
P. Prove that AF is the symmedian? of triangle A 


First Proof First observe that the midpoint AI of BC lies on w as 
ZDME = W. Now consider Vsinversion. Since the endpoints of a 
diameter of wD and E are interchanged, the circle itself remains intact, 
But since Vieinversion swaps BC and w, point M clearly goes to F, 
implying that lines AF and AM are isogonal in ZA, We may conclude, 
‘Second Proof. As in the fist proof, A is the midpoint of BC and 
lies on is. Also, let N be antipodal to Æ on 0 (hence Æ, M, and N 
are collinear). Since ZEFD = 997, the ray FD intersects N again at 
N. Finally, as ZDAN = 90° and ZEAN = 90° (EN is diameter of 
1), the quadrilateral DANA is cyclic. Now we are ready to show the 
iogpoality of AF and AM by anghechasing: 


ZFAE = ZENE 











Far easton Intrntey Probie 











35, [Baltie Way 2006] Let ABC be a triangle, kt K be the midpoint of 
the side AB and L the midpoint of the side AC. Let P be the second 
intersection of the cireumeirekes of triangles ABL and AKC. Let Q be 
the second intersection of AP and the circumcire of triangle AK 
Prove that 2AP = 3AQ. 


Proof. Seeing the busy point A. we decide to straighten things up a 
bit following the idea of Viinversion. We lightly adjust this wctnique 
by changing the radius of inversion to y/Je, since then K” = C and 
ven. 





Then P isthe intersection of the medians BL’ and C'K” in triangle 
ALK" ie. the centroid. Also Q isthe intersection of AP with K'L” 
Which is the midpoint of K'L!. Since medians divide each other in the 
2AQ'. In the original picture this rewrites 








Remark. Here combining the inversion with reflection is not really 
necessary. On the other hand, it lends extra perspective by showing 
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that AP is a symmedian (for explanation see Introductory Problem 49) 
in triangle ABC. 


36. An ange of fixed magnitude p revolves about its fixed vertex A and 


— fixed line Cat points B and C. Prove that the circumcircles of 
triangles ABC are all tangent to a fixed circle. 


Proof: We invert about A. Now £ transforms to a circle & with A € €, 
the angle still revolves about A and B.C" € £. We aim to prove that 
lines BFC" are tangent to a fixed circle. 


A-Q 


But all the pombe segments BFC" are chords of with the same corre- 
sponding inscribed angle g. Therefore, the segments BYC* are all equal 
And thus they beep fined distance d from the center O of . In other 
words, the lines BC are all tangent to the cele with center O and 
radiws d. 


37. [iran 2011) Let ABC be a triangle and denote its circumeircle centered 


Mt O byw. Points Af amd N Bie on the sides AB and AC, respectively. 
‘The ciecumelecle of triangle AMN intersects « for the second time at 
Q. Lei P be the intersection point of MN and BC. Prove that PQ is 
tangent to. if and only if OM = ON. 


Proof. Without kes of generality assume that Q lies on the are AB of 
tot containing C and observe that i is the Miquel point of the quadri- 
lateral BCNA (see Theorem 149). Hence the quadrilaterals PBMQ 
and PONG are cyclic too. 

First we assume that PQ is tangent to ss. We angle-chase. 
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Since PBMQ is cyclic, ZPQB = ZPMB = ZNMA holds. On the 
Other hand, as PQ is tangent to w we may write ZPQB = ZQAB, 
Thus, QA ALN. 

As QMNA is a cyclic trapezoid, it is isosceles and the perpendicular 
bisectors of QA and MIN coincide. However, O lies on the bisector of 
QA so it abo lies on the bisector of MIN and OM = ON as required- 





[Now we prove the Sf part. Assume OM = ON. 


‘Observe that both the perpendicular bisectors of QA and ALN pass 
through O. If they did not coincide, O would have to be the circum 

| center of (cyclic) QM N.A. But that is impossibile, since the points Af, 
N ie inside w and OM < OA. Hence the segments QA and MA share 
the perpendicular biseetors which implies that QANA is an isoceles 
trapezoid. 

f Finally similarly as in the first part, we anghe-chase ZPQB = ZPM B 
ZNMA = ZQAB and conclude that PQ is tangen to io. 


38. [USA TST 2000] Let ABCD be a cyelie quadrilateral. The projections 

j Of the intersection of its diagonals P to the sides AB and CD are E, F, 

4 ‘respectively. Show that the line EF is perpendicular to the line through 
the midpoints K and £ ofthe sides of BC and DA, respectively. 


Proof. Here we present a spectacular application of spiral similarity. 

We wouid lihe to use the Averaging Principle on the two similar triangles 

ABP and DCP (ABCD ia cpt!) bmt we can't since the similarity i 

= indirect, We fi this by refecting P over CD to set I” and directly 

i Similar triangles ABP and DCP. Then thie average which is triangle 
LKF has aiso their shape, 
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Ù 
ATA 


Likewise we show that triangle LEK has this very shape too. The 
— LEFK is then formed by two congruent triangles glued 
— along KL, therefore it is» kite and we may conclude. 


39. [IMO 2010} Given a triangle ABC with incenter / and cireumcircle F’ 
let AL intersect T again at D. Let E be a point on the are BDC, nnd 
F n point on the segment BC, such that LBAF = ZEAC < |ZBAC. 
IEG is the midpoint of TF, prove that lies EI and DG intersect on F. 


First Proof, Points E, F le on isogonal lines with respect to ZAC, 
one of them on the cireumcirele of triangle ABC. the other one on the 
tle BC. What does it mean? Yes, they ate images of one another i 
Vibsinserion! 

Since the incenter 7 is present in the diagram we recall that is image 
in VĒ©inversion is the A-encenter I, (we Introductory Problem 33) and 
draw it too. 

Now 





AD Aly=te= AEAF md IAB = LFA, 
hence ALAE ~ AFAL (SAS) and in particular ZABT = CALF. Pu 
thermore, as we know from the Big Picture (sce Proposition 1.42). point 
Dis the midpoint of Ia and thus DG is the midline in triangle FT, 
and ZALE = ZADG. 

Equal angles AE and ADG are both inscribed in F hence they intercept 
the same are implying that EY and DG intersect at F- 

Second Proof. Let ET intersect F for the second time at X. Equiv: 
lently, we may prove that DX bisects FI. Let G” be the intersection. 











157 








Since ZDXE = ZDAB = ZPAD, if we denote the intersection of AF 
and XD by H then HLAX is cyclic. In other words, line 17 is antipar- 
alle to XA with respect to the angle ZX DA. 

But since D is the midpoint of are BC, line BC is abso antiparallel to 
XA in angle ZADX (see Proposition 1.40(¢)). Hence HT | BC. 





Nowe we will prove that FG'/G'T = 1 Let w focus on triangle AFT and 
collinear pints H.C, D om its sides. Menelaus” Theorem pies 

an FG 1D ro ur aD 

HF Gt DAT) "iee Gr AR DI 
Sipco HI | BC, the fst fraction rewrites as HE/AH = SI/IA 
(BAHT ~ AAFS), where S denotes the interaction of BC and AD. 
“Ths the whole problem & refer to the metric entity concerning the 
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points on the angle bisector only, namely 
SU-AD = DI-1A, 
which is proved in Introductory Problem 3346) 


40, [Cocc-Polisl Slovak Match 2008] Let ABCDE be a regular pentagon. 
Find the minimum possible value of 
PASPB 
| PC+PD+ PE 
Where P is any point in the plane. 
Solution. We may assume AB 1 and let d denote the length of the di- 
— in ABCDE. We shall use the Ptolemy's Inequality (se Theorem 
146) multiple times. Inder, if we apply it for (possibly degenerate or 
selt-intersecting) quadtrilaterals APBC, APBD, APBE (with vertices 
| in this order), we obtain 
PA-1+PB-421-PC, 
PA-4+ PB-d>1-PD, 
PA-d4+ PB-121-PE. 





| 





Addition yields 
(PA+ PBYL+2H > PC+PD+PE, 

ae PAS PB 
PC*PD+PE 
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an 


Since this value is attained if P ies on the minor are AB of the cireum- 
circle of ABCDE, itis the sought-after minimum. 

Tt remains to calculated, which should not be too dificult. For example, 
we may again use Ptolemy's Inequality (in equality case) for ABCD to 
see that 1 +d = f. Heno 





[Poland 2012] Let ABC be an A-sosceles triangle inscribed in circle f2. 
Arbitrary cireles uy inscribe in the minor circular segments AC, AB 
‘of are tangent to fat 2, C", respectively. One of the common external 
tangents of o and ass intersects the sides AC, AB at P, Q, respectively. 
Prove that lines BYP and C'Q intersect on the angle bisector of Z BAC. 


Proof. ‘The key here is to figure out a way to deal with line BP (and 
similarly C'Q). Since B is the center of positive bomotbety which maps 
to wsp, we nim to interpret P as a center of another homothety hoping 
to exploit Lemma 1.31 

Let w be the inctele of triangle APQ. As P is the conter of negative 
homothety which maps « to, the mentioned Jemma ensures that line 
BFP passes though the center H- of negative homithety Between TE 
andus. 





Similarly, we argue that C'P also passes through M- Hence the inter- 
Section of P and C'Q is H The conclusion now follows since the 
langle bisector of BAC is the common line of symmetry of both w and 
(cecal that AB = AC). 
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42, [USAMO 2001} Let ABC be a triangle and let w be its incircle, Denote 
by Dy and Er the points where wis tangent to the sides BC and AC, 
respectively. Denote by Ds and Es the points on sides BC and AC, 
‘spectively, such that CD; = BD; and CE, = AEn, and denote by P 
the point of intersection of segments AD; and BEz. Circle w intersects 
Segment ADs at two points, the cloner of which to tbe vertex Ais denoted 
ty Q. Prove that AQ = DP. 

Proof. Using the standard notation, CE: = 
BD; = z. We will show that 

8. 

PA” PA’ 
‘The first ratio is readily found from Menelaus’ Theorem applied for 
triangle ACD; and line BP. We have 





E, = z and CD, = 





On the other hand, D is the point af tangency of the A-excirle (call it 
144) with BC, (recall Proposition L7(c)). Now we denote by F, F” the 
poins of tangency of line AB with w and so, respectively. Then the 
— centred at A which takes to ays also takes F to F” and Q 
10 Dy. Tius BAFQ ~ AAF" Ds and the ratios yield 

pe A Aa 

QD: ` FF“ AP AP 
where the penultimate equality follows from Proposition 1.7(b). We may 
conclude. 
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48, [USAMO 2008} Let ABC be an acute, scalene triangle, and let Af, 
N, and P be the midpoint of BC, CA, and AB, respectively. Let the 
perpendicular biseetors of AZ and AC intersect ray AM in points D and 
E, respectively, and ket lines BD and CE interact in point F, inside 
triangle ABC. Prove that points A, N, F, and P all lie on one circle. 


First Proof. First, we note that triangles BDA and CEA are isosceles. 
Let ZBAM = 6 and ZMAC = p. Summing angles in quadrilateral 
BFCA gives LBFC = 25 4 2p = 22A, which means that F ies on the 
itcumeircle of triangle BCO, where O isthe ciroumeenter of triangle 
ABC. Once O is in the diagram, we realize it sutices to prove LOFA = 
90, since the cireumeinele of AN'P has diameter AO. Now we can erase 
points N and P. 








Looking at cteke BOC, we may as well decide to prove that A and 
F ate collinear with the point T which is diametrically opposite to O. 
‘The vital step isto observe that Ti the intersection of tangenta to the 
— of triangle ABC at B and C. Proving collinearity of A, F. 
‘and T is thas equivalent to proving that AF ica symmodian in triangle 
ABC (see Introductory Problem 39). 
We will compare angles CTF and CTA. Since AT is a symmedian, we 
have A 

CTA = (iso LACT) - TAC = £B -6 
and the cyclic quadrilateral TEFC gives 


4CTF= ¿CBF =4B-5. 





‘Then points A, F, and T ae indeed collinear and we may conclude. 


Second Proof. As in the fst proof we start by observing that triangles 
BDA and CEA ate senecles amd that ZBEC = 22A. Then the trick 


162 








is to mse the Law of Sins and show that ZAFB = ZCPA. Since C, F, 
‘and D are not collinear slices to show the angles have the same sine. 
rom triangles BFA and CFA we learn (keeping the notation from the 





ader Amino: 4E 
ao to pone the anh a ein we oniy veod AD- 1in6 = AC- an 
BA to So pd gs ABA a 
wean 


AB sin = MB -sin LAMB = MC-sin ZOMA = AC sine. 















Since ZAFB + ZCFA = 360" — 24A, we know that ZAFB 
1S A. From bere we alo deduce ZBAF = and ZFAC 
‘Then BAFC ~ ABFA and moreover, spiral similarity S(F,k, 180° — 
ZA) takes triangle AFC to triangle BFA for a suitable choice of k. 
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‘Thus, it abo takes N to P, implying that ZNFP- 
means that ANEP is indeed cyclic. 





180° — ZA, which 


[Balkan MO 2000] Let A/N be line parallel to the side BC of a triangle 
‘ABC, with M on the side AB and N on the side AC. The lines BN and 
CM meet at point P. The ciecumcirekes of triangles BMP and CNP 
meet at two distinct points P and Q. Prov that ZBAQ = ZCAP. 


Proof. Fint we recognize a familiar part of the diagram, Since Q is the 
second intersection of the cireumcircles of triangles BAI? and CNP, it 
is the Miquel point (ee Theorem 1.49) of the quadrilatera) AM PX and 
henee it also lies on the cireumeireles of the triangles AAN and ACM. 
‘This suggests inverting about A (by far the most “busy” point around). 
But with what radius? As MN F BC, we have 


AM _ AN 
Se AN or AM AC = AN AB. 


Guy the properties of VŠZ inversio we avert abt A with radian 
VARTA = VAN — — 
of angle BAC 





In such transformation, points Af and C are interchanged and so are the 
points N and B. Hence the cieeumcirele of triangle AMC ts mapped to 
the line AIC and the cireumcircie of triangle ANB is mapped to the line 
NB. As a result, point Q is mapped to P and thus ZBAQ = ZCAP. 
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45. [IMO 1008 shortit} Let ABCDEF be a convex hexagon such that 
2B 2D + ZF = 30 a 

cD BF 

DE Fa 





Prove that 


SIZ 8s 


4E FD 
iF DB 





Proof. We have to find a way to employ both the conditions simultane- 
‘ously. The Brst one suggests bringing the angles by B, D and F together. 
Tn fact, we will glue together thron triangles similar to triangles CDE, 
EPA, and ABC, respectively. 

Looking at the desired condition, we se that among B, D, and F, it is 
point D that has a special role (it appears as endpoint of two diagonals). 
‘That's why we choose D to have a special role in our construction. 

Let X be the point such that EDX ~ ABFA (directly). Then 


— 


LODX = 00 £D- ZF = 2B må DX = FA S 





EF 
‘Thus, the triangles CDX and CBA are abo similar (SAS). 


r 
o>. j 
* 


‘Since similarities come in pairs (see Proposition 1.45), we further obtain 
DEFD~DEAX sd ACBD~ACAN. 
Finally, expressing the length AX from both the latter similarities yields 
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Finally since the median passes through the centroid G of triangle ABC, 
we may say that ZH HG = 90°, implying that Ha lies on the circle with 
diameter HG. 

Applying the same reasoning for Hy and He we obtain the result. 
Second Proof. As in the first proof we find that B, C, Ho, and H 
Tie on one circle and that ZH H A = 90°. But now we invert about H 
(using standard notation for images X = X’). 





By Introductory Problem 44, M is the incenter of triangle A'ZO". Abo, 
the circle BHC goes to line BC and ths H, € BC". Finally, the 
irele with diameter AH goes tothe line £ perpendicular to AH passing 
through A’. Tis I, = ICDA But since £ is perpendicular to HA’, 
‘ange bisector in triangle ABC”. it isin fact the external angle bisect 
Of BAC’. Similariy. we find points Hy and He- The collinearity of 
‘and H we are left to prove, already appeared in Introductory 
Problem 27(b). 
‘Third Proof: (by Daniel Lasaona) This time we will prove that the 
perpendicular bisectors of Ha. MHs. avd HH are concurrent. As in 
the previous proofs we observe that Hs is the second intersection of the 
circle BHC and the circle with diameter AH (the other being H). Then, 
the perpendiclae bisector of H Ha passes through the centers of both 
decks, 
‘Therefore, we denote by Ox, Ob, and Ox the centers of cireles BHC, 
CHA, and AHB aod by No, Ny, and Ne the midpoints of segments 
HA, HB, HC. Now it slices vo prove that OsNa, OpNo, and OcNe 
re concurrent. But recalling that the circles CHA and AHB have 
equal adii (see Proposition 1.35(4)) we have OcA = OH = OH 
— implying that OAO, H is rhombus and therefore No is also the 
midpoint of O-O, The desired point of concurrence is then the centroid 
of triangle 0,050. 
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47. [IMO 2005 shortlist] Let ABC be an acute-anghod triangle with AB 9 
AC. Let H be the orthocenter of triangle ABC, and let M be the 
‘midpoint of the side BC. Let D be a point on the side AB and E a 
point on the side AC such that AE = AD and the points D, H. E he on 
the same line. Prove that the line MAF is perpendicular to the common 
hord of the ercumsribed circles of the triangles ABC and ADE. 


Proof: Denote by $ the second intersection of the circumelreles of 
triangles ABC and ADE. Then $ isthe Miquel point of BCED (see 
Theorem 1.49) Next, we exploit the condition AD = AE. Denote by 
By. Co the respective feet of altitudes in triangle ABC. 


From AD = AE we infer ZEDA = ZAED = 9 — $A and thus 
CHD = LEH Bs = hea which implies that DE is the angle bisector 
of BHC». 


HH 


Since the triangles BHCy and CH By are similar (quadrilateral BCBG) 
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is eyelie) and points D and E correspond in this similarity, we have 
BD _ ce 
De, FB 
se has the spiral similarity centered at S that sends B 10 C and Dto 
E maps aso C to By implying tat S Bes siso on the cnc ot 
the triangle ACS By We contin in a figure without D and E. 
Siner ACH By sey ali the points A. S, Ca, M, and Ba on a single 
Sirle with diameter AH. Denote by the poit on the amie 
triangle ABC mach that AA it dometr, 
As CASH = 07 = LASA, the points S, M, A are collinear, At the 
ae time, A the relection of shot Me Proposition 1.36) mo 
{he points H, M, ae alno clin, Tiny he poe S- H, Mae 
— an dese 





48, (Romania TST 1996] Let ABCD be a cyclic quadrilateral. Draw all 


‘excenters of triangles ABC, BCD, CDA, and DAB. Show that those 
twelve points lie on the perimeter of rectangle, 


Proof. Recall that by Introductory Problem 30 the incenters of the tri- 
‘angles ABC, BCD, CDA, and DAB form a rectangle. 

Denote by fs 1a the incenters of the triangles ABC, ABD, and by Es, 
E their respective C- and Deexcemers. We aiready know from the Big 
Picture (see Proposition 1.42(b)) that the midpoint A of the are AB 
(ot containing C) is the common center of the coinciding circles A1, BE- 
and AN BE a. Since LE; and IE are diameters ofthis ttle, EsEglahe 
Is rectangle, 

Applying the very same rosoning to the arcs BC, CD, DA (wot con- 
taining D. A, B, respectively) we learn that the four incenters together 
with eight of the excenters form some sort of a cross. I remains to prove 
thatthe last four excenters ane the intersections ofits outer sides. 

Let N be the midpoint pf are AC containing point B. Focusing on N 
with respet to triangle ACD we find it is the midpoint of E, where 1 
And E are the incenter and excenter of triangle ACD, respectively. 
But at the same time, we note N is akso the midpoint of EE, where 
En is the A-excenterof triangle ABC (again the Biz Picturi). 

Hence the diagonals ££, and IE bisect each other at N and E.EE yl 








7 5 a parallelogram. But since ZEJTE, = 90°, it is in fact a rectangle. 


We are done. 
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49, [IMO 1998 shortlist) Let ABC be a triangle, H its orthocenter, O its 
‘ireumeenter, and R its cireumradius. Let D be the relieetion of the 
point A across the line BC, let Æ be the reflection of the point B acron 
the live CA, and Jet F be the reflection of the point C across the line AZ, 
Prove that the points D, E and F are collinear if and only WOH = 2R. 


Proof. Recall that the center of the nine point circle O of the triangle 
ABC is the midpoint of OH (see Theorem 1.37). Hene OH = 2A 
holds if and only if Op belongs to the creumeitcle of triangle ABC, 
‘This ewording seems more promising. 

A point on a circle and a collinearity should remind us of the Simson 
line (soe Proposition 1.44). 

1 we denote by X, Y, Z the projections of Oy onto the linos BC, C: 
AB, then Os belongs to the cireumcirele of triangle ABC if and only if 
the points X, Y, Z iie on a single line. 











è v 
Now we will prove that the points D, E, F are the images of X, Y, Z, 
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| rept; er some very particular Bots Then the resul wil 

\ ios sine onder tems the unag ote paims Be on single 
—— — 

| The cemer of tis mysterious mote wili be the centroid G of triangle 

| ABC athe actor wi be A. One ange ges the cat 

| 





ie done by many approaches: 
For instance, let A be the midpoint of BC and As the foot of Ait, 
Since both Ay and M ie om the nine pint circle af triangle ABC, we 
have Opo = On and so pot X h the midpoint of gM. Menelaus 
‘Theorem apie Ior triangle AAO and points D, X, and ills 
AD WX MG 2AIL, 
Di XM GA 2 
“Thus, the points G X, Dare collinear. Filly, let G be the projection 
G10 to BC Aa G “tracts the median and AA = AyD, we obtain 
GX/ND = GGa/AAa = | Weare done 





20. [IMO 2006 shortlist) Points An, Ma, Cy are chosen om the sides BC, 
CA, AB of n triangle ABC, respectively. The cireumeirches of triangles 
ABC, BC\Ay, CAIB interact the circumcire w of triangle ABC 
for the second time at points Ay, Ba, Cs, respectively. Points Ay, Bs 
Cy ate symmetrie to Ay, By, Ci with respect to the midpoint of the 
sides BC. CA, AB, spectively. Prove that the triangles A3 DC and 
ABCs are similar. 





root Fie fal we identify Az as the cener af spiral similarity 
Sint, ZA) heh (ir mame ts Chto By and B to (ce Poe 
‘io i Then toes By oC, a tr al 
oth 

T 





t 


“This gives us a chance to us the definition of By and Cs, as we have 
BC, = ACy and CB, = AB; and thus also k = AB3/AC3. Now the vital 
observation is that triangle ABiCs bas the very shape that is produced 
by spiral similarity S! Therefore, we have AABC3 ~ AA:CB (SAS). 
Similar argument shows ABCA ~ ABAC and ACAB ~ AC:BA. 
‘The rest is easy, since we can forget points An, Bi, Cy and represent 
angles in triangle ABC; (and the other to) as some arcs of so. Indeed, 








m 








riting this down in the language of directed angles gives 
ACA AaBs) = &(CaAy, BC) + BC, AaB) 
= MAC; CB) + ACB, BA) 
= LAA, AaB) + (CaA, And) = Cra AaB) 


‘and the conclusion fellows from analogous arguments. 


[IMO 2002 shortlist} The incece w of the acute-angled triangle ABC is 
tangent to its side BC at a point K. Let AD be an altitude of triangle 
ABC. and let M be its midpoint. IEN i the cominon point of the circle 
s and the line KAF (distinct from K), then prove that the incirele w 
and the cireumeircle 4 of triangle BCN are tangent to each other at 
the point N. 


First Proof. Mb = c, the problem is trivial. Hence we may assume 
Se. We introduce point A” € w such that circle through BON" is 
tangent tou Being chlo as to what we should do with the midpoint 
oL AD, we choose a computational approach to show that N = NV. 
Observing that both distances DAF and DK are approachable in terms 
(of, p, 5 we decide to prove that 

tan NKB = tan ZN'K B. 


We plan to expe both sides in z, y, and = and then easily compare. 
AS mentioned, oe the left-hand side is eas: 
MD _ _AD/2 K 
tan 2NKB= DR = BK- BD ~ aly ceosZB) 








- 2K 


aceon ZI 





EE 





{ 
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Where K denotes the ares of triangle ABC: Even though we used more 
triangle elements than just 7, y, and = this form suffioes for now 








For the right-hand side we need more thought. The good thing is, we 
can erase point A. Draw the common tangent of w and w at A” and 
denote its intersection with BC by X. Als, let 7 be the center of w. 
Since XIN is a cyclic kite, we have ZNK B = ZX TK, hence 
xK 
tam 2N°KB = tan 2X18 = FA. 


Alo, by Power of a Point we have 
XB-XC= XN? = XK, 
{rom which we can fd 





(XK = XK42)=XK? and XK = 





v 
At this point, we are only let to do some routine algebra, since using 
yz formulas (ee Proposition 1.5) we can express everything in z, p. 
tnd. We will just ease ou Hives a bit by clever se of area formulas: 





tan 2N'KB = 





Be 
[Now it sors to compare the denominators. After using the Law of 
Cosines, we are left ta prove 

ti-ma tantita- wta? (wt), 
which is immediate after expanding, since as we can se, the right-hand 
Side stp sigan: 
‘Thus, we have proved V = NY and the problem is solved. 


Second Proof. A synthetic approach is not only possible, but also 
very beautiful. Again we work with the incenter 7 of triangle ABC and 
we draw the tangent to w at N and denote its intersection with BC 
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by X. By Power of a Point, we neod to prove that XA? = XB- XC, 
Note that the point P = KA ALX i the midpoint of KN and also 
that XT L KN. From right triangle INX, we learn (see Introductory 
Problem 2) XN? = XP- X1. Thus, we weed to prove that point P lies 
on the eircutciree of triangle BIC. 

Looking at the right angle K'PY we decide to introduce the A-excenter 
E of triangle ABC, since it is antipoda to I in circle BIC as we know 
{rom the Big Picture (see Proposition 1.42). But now we only meed to 
prove that E lies on the line KAV! We have reduced the problem to a 
Simpler one, but there i still work ahed of ws 


1 
p= 
—— 
— 
ah. 
Pi 


Let ¥ be the point of contact of the A-excirele ssy with BC and let YZ 
be a diameter of ss. We place BC vertically and consider homothety 
with center A which sends a to ass- Since K and Z are the “rightmost” 
points on the respective circle, they correspond in the homothety and 
thus are collinear with A. Finally, this means that K is the center of 
a homothety which takes triangle ADK to triangle ZYK and tims the 
midpoint of AD is taken to the midpoint of ZY. ie. Af is taken to E. 
‘This protes the collinearity of M, K, and E and we may conclude. 
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52. [Samayama’s Lemma] Let ABC be a triangle inscribed in the circle w. 
Point D is chosen on the side BC. Circe oy is tangent to the segment 
BD at K, to the segment AD at L and to w at T. Prove that the line 
KL passes through the incenter I of the triangle ABC. 


Proof. (Inspired by ideas of Jean-Louis Ayme”) Without loss of gen- 
ality assume ZDAC < $ ZA and place BC horizontal 

“To make use of the tangency of the circles «and wy, denote by K” the 
second intersection of TK with w. The homothety with center T which 
takes to w, then takes K to K”, thas K is the “bottom” point of w 
ie, the midpoint of ae BC (not eoataining A). A connection with the 
Incenter emerges. Draw the bisector AKT of ZA. 





Instead of dealing with 7, let J be the intersection of AK” and K 
will prove that J in fact coincides with 1. 

‘Since J lies on the angle bisector of A, it suffioes to prove it has the 
expected distance from K”. Le. that K'J? = K”B? (recall Proposition 
18). 

As the Inter equals KK - KT (see Shooting Lemma ~ Proposition 
LAOD). by Powe of a Point itis enough to prove that the cireumeirele 
Of TKS is tangent to K'A, or in other words that JKT = ZAJT. 
Since ZJKT subtends are LT on sy, W is equal to ZALT. The whole 
problem therefore reduces to proving that quadrilateral ATJL is eyelie, 
‘whichis straightforward, since we may erase points B, D and C. We 
offer two approaches. 

First approach. Let £ be the common tangent of wy and w. Since the 
angle ZTLK imseribed ins and ange ZTAK” inscribed in o are both 
‘equal to the same angle by £. quadrilateral ATL is cyclic. 














ese aa Aye sa entemprary Freche 
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ji 
| 
| Second approach. Let L be the second intersection of TL and w. 








‘The homothety centered at T which sends 2 to w maps KL to K'L, 
10 KL UK’, Looking at angle between lines AJ and TL, line KL is 
antiparallel to AT and thus so is JL- 


Remark. This problem together with Introductory Problem 38 etab- 
linhes (can you recognize the configuration?) the celebrated Sawaya’ 
‘Thebault's* Theorem which states that in the following diagram, lines 
KL, MN, and Iz are concurrent a the incenter I of triangle ABC. 





53. [IMO 2008] Let ABCD be a convex quadrilateral with BA diferent 
from BC. Denote the incites of tangles ABC and ADC by w and 
toy respectively: Suppose that there exists a circle ~ tangent to ray BA 
beyond A and to the ray BC beyond C, which is also tangent to the 

| — (8001505) mary tract Tyo with rie inter- 


‘atin ome 
ete Tat (1882-1900) was een Fic ter 
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Proof. Place AC horizontally with 2 above it. 
First, recall that since ABCD has “escriba” circles, the incireles on 
‘22 of the triangles ABC, ADC are tangent to the dingonal AC at two 
Symmetrie pints (soe Introductory Problem $1(¢)) 

“Thus, if we denote them by P, Q, respectively, then Q is the point 
of contact of the B-excircle af triangle ABC and similarly, P is the 
Point of contact of the D-exciecle of triangle ADC, both with AC (recall 
Proposition 1.7). 

Hence the line BQ passes through the “top” point of wy (denote it by 
Q), and DP passes through the “bottom” point of ey, which we denote 
by P” (see Proposition 1.30). 

‘The intersection of the common external tangents tow and oy is nothing 
but the center of the positive homothety H that maps wn to wy (sre 
Proposition 1.29). Forget the tangents. 

Let X be the “top” point of. We will prove that X ix the conter of H. 








First, we focus on the line passing through 2, Q’, and Q. Denote it by 
£ 


As Q and Q are the corresponding points on y, ws (namely their “top” 
points), line £ passes through the center of H. However, since both wi 

j ‘and are inscribed in ale ABC, and € intersects w at ita “tp point 
Q, it intersects wat its “top” point (Le. X) ton 
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Similarly, denote by € the line passing through D, 7, and P. 
‘Then P and P also correspond under H (they are the “bottom” points 
on wy, w), hence © passes through the center of H- At the same time, 
the homothety centered at D which sends s to w maps the “bottom” 
point P” of w to the “top” point X of s. Thus, € abso passes through 
x 


Finally, from AB 4 BC we infer that £ and Ao not coincide. As the 
center of H lies on both of them, it has to be X. 
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(6) Showe that there are infinitely many triples of rational numbers z, y, 2 
for which this inequality turns into equality. 
Solution. First, make the substitution 





M sues to show that 


ETETEN 
Now, from the given condition zy? = 1, we have 
(a= b- 1e- 1) = abe, 
Which is equivalent to 
atbte-1=abtietoa 
Which implies the following hain of equations 


Yat bre) =larbse}— (442) 
PLP +220 (arbse?—2asbee) 
PPA- farbror. 


Since the square (a +6-+e~ 1)? > 0, we must have 0? +4 > 1 as 
lime, 


For part (b), note that equality occurs, that is 
Pse then =0, 

and only fa? + 42 a4 b4e=1. Since 

PARLE (erbte? abt bet ca) and tta 











iat b+e= 1, we must have ab + be+c0=0, 


‘Ths the equality case is given by triples (a,b,c) such that abe #1 
that solve the following system: 


atbbenl, abtietar=0. 
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‘Thus Ss = $)Ss. Akso note that by the triangle inequality 
Iilelata tals tal + lel +lal=3. 
Now we are in good shape, since the problem is reduce to a small 


number of eases. We will we the previous relations together with the 
fact that S, = s +22 + 3 isan integer. 


Case 1, Suppose S, =2 or 3. Prom the triangle inequality, we have 
Bela + lol + lal 2 at +f + af = 57-2. 


‘This implies that Sy must be postive, which gives ws 8) = 1 and conse- 
quently $3 = S4. From Vietas relations, #4, 39, 53 are the roots of 


P3843 1a MS 


ee 





(HE = EF ASD). 
From the fist equation, we find zy = 3y = 2y = 1. From the second, we 


vt (rem (G) tan $).an(-§) m (-§)- 
—— rata 


Cave 2. Suppose Sı = 1. Them it follows that Sa = $5 = 1 and from 
— relations, 31, 33, 33 are the roota of 








P-t- (P+ KSes 


P-P-ttisU-IPE+Ik KSes 
From the frst equation, we fd the solutions (2152.23) = (1, 
‘and from the second, we obtain (21.22.83) = (1,1-1). IES = —1, 
then we get the negatives of these. 
Case 3. Suppose S; = 0. Then S4 = 0, and as noted earlier S = +. 
‘Then by Vieta's relations, 21, 2a, 33 are the roots of 


p- 














0- +etik tS 


Pea UHNP-t+Ih it: 
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46, Let P(e) be a polynomial with real coefficients such that P(r) > 0 
for all z > 0. Prove that there exists a positive integer m sich that 
(1 Pla) is a polynomial with noancgativeconiients. 
‘Solution. We fist consider the special case where P(x) = 1°-br te 
‘quadratic polynomial with leading coficiet 1 and no real roots (hence 
megative diseriminant 6? — 4e <0). In this case we expand A(z) = 
(14 2)" P(x) using the binomial theorem as follows: 


manen (J e 
EE 
CODOS 

Seeding tn be ean l P ae oo a 

mamii (On = Bn = kt) — ME + Yn = A) + elk NED) 


‘The second factor is a quadratic polynomial in & with positive lending 
coeficient (since P(=1) = 14 b +€ > 0}. s discriminant is 





Dm (P= beJn? + 20 + b+ be de)a $ (284 1)? 4 e + dbe — 2e. 


Viewing this as a polynomial in n, we soe that since the leading coeficient 
negative we will have A < O for all suficiently largo n. But this 
exactly what we needed, since it implies that for large n the quadratic 
ink above is always positive. Ths every coefficient of AÇ) is positive. 
Note that the cain is also true in the case where P(r) = 2-41 isa linear 
polynomial with Plz) > 0 for x > O (that is, r > 0). Since in this case P 
already has postive coefficients and m = Osalices. Similarly, the claim 
is trivially true if P is a constant polynomial P(r) =€ > 0. 

For the general case, we notice that if two polynomials have nonnegative 
coeficients then so does their product. Tho if the claim is true for two 
polynomials, then it is true for their product. Thus the examples above 
show that the problem is solved for any polynomial P of the form 


Pia) 








Solutions to advanced problems a 





Now, (2) is divisible by if < m < p=1, 30 (7z) = 0-1 
(mod p), which completes the proof of our laim- 
Substituting this result into our expression for (p — 1), we obtain 





to- 





(Cea, if p is od, this implies 
S10) + $0) +.Jp- 10 (mod p) 

and a quick check will show that this works for p = 28 well, This result 

holds for all polynomials with integer coctficiems with dere lew than 


‘or equal to p—2. Now we will show that this result contradicts the given 
conditions to complete the proot. 

Indesa, from condition (b). we have that /(0)+ /(1) ++--4 flp 1) = j, 
Where j denotes the mmber of elements m € (0; 1,-.. -P — 1) for which 
J{n) = 1 (mod p). But condition (a) implies 1 <j < p= 1, giving 


FIO) + SO) ++ P= 1) AO (mod p). 
‘This contradiction completes the prost. 
48. Prove that for any positive real mimbers z. y, 2 such that zys > 








a2 PoP fton 
Bees Petes Rrr O 


Solution. Use the Cauchy Scare inequality for and Vy, 3 








(isra) ess) 
sospita 
whic impies 
PoP | fihi p omat, fy 
E Sepa?! ET 


Sina, 
PoP, P- 
PFs Be 








j 
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holds for all real numbers a, 
Solution. Consider the polynomial 

Pe) = 1-8) +8 - 2) +(e e). 
Clty PO) = Phe) = P(t) = 0. Noting that heading coeficient 


is b= 6, we 





PU) = b-t- et- 4b +). 


‘The let band side of the desired inequality is thus just |/P(a)}. 1 sufces 
to find the smallest AY that satisfe 


IP= b- ela- bha- Na tbt eh SA- (a++ A, 
Without loss of generality asume a < b < c. Hence by AM-GM, 





ome = 0-a- = © 
th ty amenity i 
= (ge 
“This sequent to 

We~ a? s2- Hb- a+ (e-i (e 
Combining these two relations we have 












Wo-oh- ba- ce tbt o< fie- aat oto 


= Vera 


-4( (Caren zor 
z z 





Mat bsor 
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52. Find all monie polynomials P{z) with integer coefficients of degree two 
for which there exists a polynomial Q(z) with integer coefficients such 
that P(z}Q{2) is a polynomial sach that all of ts coeficients are either 
—*— 

Solution. First, we see that P is of the form P(x) = 2? + ar 41 
for some integer a, sine the constant term of P(2}Q() is 1. Let 
PUIQ() 4 ana + ay, where ay € f-1,1), a 
stated by the problem condition, 

‘Then, observe the following: if + is a complex number with fol > 2, 
then = is not a root of P(z}Ql2). We ean prove this with the tangle 
inequality, along with the reverse triangle inequality, which states that 
pe eI > Jal — [M for complex numbers s and Then, we 





IAD l taz taal 
tanai? estas taal 
— aed eee) 


mbp- HES 2 tor -i 











— 








Now, if P(x) = 23-421, notice that this prevents Jol > 3. Then, P(e) 
has two renl roota, since its discriminant is nonnegative, which are also 
roots of P(2}Q(2). Then, ome ofthe roots of P(r) would have magnitude 


ble VT, VIT y, 
—— a 





which contradicts what we just proved. Similarly, if Plz) = 2? +a — 1, 
this prevents jal > 2 since one uf the roots of P(z) would then have 


magnitude 
MAVE T pg, 


Which is a contradiction. 
Finally. this leaves us with the candidates 


Pejs ey trt ++- 
An easy check shows that we have the respective solutions 


Qasri hs 
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58. Let a,b and € be positive real numbers satisfying 
miathbtaeta)> VË and P+ +e =3, 


Prove that 





. 3 
eC a 


Brezat t era F 


Solution. “To eliminate the min function, without loss of generality 
asume a > b> e We then have b +€ > VÈ 


By Cauchy-Schwarz, we have 
EEIE] 

Which implies 0+ <2 > 1. N follows that 

3-W4ey<2 








which implies a < VË < b4. Thus we have b+ e — a > 0 and similarly 
Et a= b> O and a +b e> 0. In other words, a, be satisfy the triangle 
Inequality. By Hale's inequality, we have that 








Eorp g ttte-o getse- (Qe) ax 
By Schr’ inaantay, we have at 

Der e-a) state 
* 





Leb re-a) cables bee. 


Final combining all inequalities and noting that by Cay Schware 

(atbbe? < (0? +P + PNI +1741) = 9, implyinga +b+e <3, 

pae i 
Eora aperire 

peren 
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54. Let an, bivan, Bas- -- vand be nonnegative real numbers, Prove that 


È minasa, hity) < F minlashga). 
& é 





— tq be real mambers. Then the following inequality holds 


E xa min(rwr)) 20. 








Set s = Sop Noting that za = m — sits the abe inequality is 
equivalen to 
Mitt ra raced 20, 


‘which is clearly true, proving our leama. 
Lt 


nitin- 





no maeh) 
—— 


Ifthe denominator of r; isO, we can et r to be any nonnegative number 
Also, let 


= semla; — ha) mina.) 
‘The key insight is the following identity, which is easy to prove, but very 
hard to find: 

smin(oi.ajh) — minfasay, bby) = zzy minra» rj). 


Note that if we switch the values of a; and ôs, both sides negate. Hence 
we may assume a, > h and a > by, which gives us two casen. 
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